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THE EXTENSION OF CONCEPTS IN MATHEMATICS * 
By AUBREY J. KEMPNER 
University of Illinois 

The subject which I wish to outline in the briefest manner is 
the old problem of introducing into Algebra and Geometry such 
concepts as, for example, irrational numbers, imaginary num- 
bers, the infinite, non-Euclidean geometry, four-dimensional 
geometry. This is a matter which must have been, at one time or 
another, of interest to each of you, and I owe you an apology, 
or at least an explanation, for talking to you about something 
with which you are presumably familiar. My reason for choos- 
ing this topie is to show how the introduction of all of these con- 
cepts is guided, in a general sense, by a few simple and plaus- 
ible prineiples. It seemed to me that it might be of some in- 
terest to compress into the frame of one short talk the econ- 
sideration of questions which have presented themselves to you 
at various times and divers occasions. 

In another sense you are entitled to an apology: I must 
make the confession that the method which I am presenting is 
possibly not in all respects the best method of introducing the 
new concepts. This method may be termed the historic or 
genetic method, because it traces, rather closely, the historical 
manner in which the econeepts were introduced. 

Aceording to this method we assume first only simple concepts 
used and, according to the gradual development of the science, 
we introduce new terms and ideas. We follow the development 
of a branch of mathematics until we reach a point where we 
need a new coneept, and proceed to fit it in a natural manner 
into the already existing system. 


4 A second method, of much more abstract and more _ philo- 


sophieal character, is the famous axiomatic or postulational 
method. As Athena emerges in full splendour from the brain of 


1This paper was read at the meeting of the Illinois High School Con- 
ference, at Urbana, Illinois, November 24, 1922. 
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Zeus, so now the complete foundation of a science emerges from 
the brain of the mathematician. The plans for the mathematical 
structure to be erected are all drawn up with the intention of 
making later additions unnecessary. A greater degree of unity 
is attained than is given by the historical method which leaves, 
from the nature of its procedure, just the least suspicion of 
‘*pateh-work.”’ 

The two methods also differ in that the historical method has 
at least the appearance of defining the new objects while the 
axiomatic method tends merely to determine the system of 
axioms and laws which the concepts are to obey, without mak- 
ing any attempt to define the objects beyond the fact that they 
must obey this system. 

We have nowadays many such postulational treatments of var- 
ious branches of mathematical seience. 

Kor pedagogical purposes, in elementary and often in ad- 
vaneed work the historical method—which we shall use—pos- 
sesses advantages over other methods. 

We may imagine that, at a certain stage of the development 
of mathematics, Arithmetic dealt only with positive and negative 
integers, including zero, and with positive and negative frae- 
tions; and that Geometry dealt only with a finite three-dimen- 
sional space of Euclidean character. 

At this stage we should have in Arithmetic, or Algebra, no 
irrational numbers, no complex numbers, no infinity ; in Geom- 
etry, no infinite elements, no ‘complex points”’ or ** plane or 
complex numbers,’’ no non-Euelidean spaces, no four-dimen- 
sional or higher-dimensional spaces. An indication of the dif- 
ficulties which the human mind encountered in introducing new 
mathematical concepts is, as has been frequently pointed out. 
contained in the terminology. We mention the terms ‘‘surd”’ 
(derived from ‘‘absurd’’), ‘‘irrational,’’ ‘*‘imaginary,’” ‘‘trars- 
cendental.”’ 

How was the domain of Mathematies gradually enlarged so 
as to include these new coneepts ? 

There are clearly two questions of outstanding importance in 
this inquiry : 


1. Why were the new concepts introduced ? 
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2. How was it done? Can we recognize any general rules 
for such extensions ? 

We consider separately, first Arithmetic and Algebra, and 
then Geometry. 

ARITHMETIC AND ALGEBRA 

Since the introduction of irrational numbers is, in many re 
spects, of more delicate nature than the introduction of com 
plex numbers and of the infinite, we deal first with the complex 
numbers.’ 

:. Complea mmaqgnary numbers ad - bi. The first OCCa 
sion to introduce complex, or imaginary, numbers arose in con- 
nection with the solution of quadratic equations ar + ba 

e=o, and although, historically, the complex numbers were 
not introduced at this stage, we shall in this discussion not go 
bevond these quadratic equations in searching for reasons for 
introducing them, 

We know that if the discriminant b= —4ac is negative, we 
have no real roots. We are therefore faced by the alternative of 
either saving that there are algebraic equations, and even 
quadratic equations, and even very simple quadratic equations, 
such as «* + 1 0, which have no solution, or, if we wish to 
maintain the general theorem that every quadratic equation has 
a reot, we must admit these new, complex numbers. We may 
state this differently: If we are to extract the square root of a 
negative number, we are confronted with the choice of either 
saying that ‘‘it can't be done’’ or of introducing the new com- 
plex numbers. We may formulate as follows our reason for 
introducing these numbers—a reason which we shall meet again 
and again when extending mathematical concepts : 

' For the introduction of the number zero, of negative integers, and 
positive and negative fractions, which we have assumed already absorbed 
into our system, it will be sufficient to recall that zero and the negative num- 
bers may be thought of as introduced to extend the scope of subtraction 
(a—b for b > a), and fractions as introduced to extend the scope of 
division (a:b for a not a multiple of 4). The introduction was in each 
case made in such manner that the fundamental laws for working with 
positive integers shall still hold after the introduction of the new numbers 
(for example, the communtative laws of addition and multiplication 


at b= b+ a and ab ba; the associative laws of addition and multi- 
plication, 


and (a-b)-c=a-(b-ch)=—a-b--ec, ete. 
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Reason: In order to extend the scope of an 
important theorem, or, in order to ex- 
tend the field of an important operation. 

It is hard indeed to imagine what would be the status of 
mathematies, if, every time we had to consider the square root 
of a negative number, or every time we had to solve a quadratic 
equation 

ar?>+br+t+cec=0, Bb? < 4ac, 
we should find ourselves facing a stone wall and should be forced 
to drop our investigation right there. 

But, onee the decision made that complex numbers had to be 
introduced, how was this to be accomplished? How were these 
strange aliens to be naturalized and trained to be well behaved 
citizens in the orderly and law-abiding republic of numbers ? 

The problem seems to present some difficulties: They are 
a well-to-do class, possessed of two dimensions, with a possible 
tendeney to lord it over the common reals. Will there be class 
fights, or can we have a peaceable assimilation of the neweom- 
ers? The solution seems plain: They cannot be aecepted as 
citizens unless they conform to the laws of the realm. The con- 
stitution must be upheld. This is exactly what has happened 





with the complex numbers. Merely saying that \/ —1 or 7? is 
to be the root of 2° + 1—0 is not worth the chalk on the board, 
until we have stipulated how this new and unknown being is to 
behave in its relation to other numbers. How will it behave 
when it meets citizen 5? Will 5& i—7 5, that is, will the 
commutative law of multiplication hold? How will it fit in with 
the other fundamental operations and laws? Will it still be 
true that a- b = 0 when and only when at least one of the factors 
vanishes, even when the faetors are complex numbers ? 

The answer to our second question: How are the complex 
numbers introduced? is now nearly obvious: They are defined 
in such manner that they cause the least possible disturbance. 
In other words, we aim to define them in such manner that all 
formal laws for working with real numbers will still hold, after 
the introduction of the new numbers. Of great importance in 


this connection is the facet that our real numbers are contained in 


the totality of complex numbers a + bi as special cases, namely 
for b =O. 
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The method of procedure just outlined has been elevated to 
the dignity of a principle: Hankel’s principle of the perman- 
ence of the formal laws. Therefore, 

Method of introducing complex numbers: Preservation of 
existing laws. 

Nearly always, when we introduce new coneepts, it is done in 
consistence with this principle. 

I merely mention that there exist some classes of individuals, 
the socalled hypercomplex numbers, which refuse to conform to 
some of the basic laws of the realm; at least they have their 
idiosyncrasies: some insist on never changing sides when walk- 
ing with one of their fellows: a:b b- a, and the commutative 
law of multiplication does not hold. We are gradually getting 


accustomed to their fixed ideas. 


IT. The Infinite x. This citizen should really be treated 
as an ‘‘undesirable alien.’’ But by hook or crook he has man- 
aged to get his naturalization papers, and so we have to make 
the best of him. But he remains a slippery customer, and, un- 
less watehed very closely, will run afoul of our most sacred 
laws. As a matter of fact, he is so unmanageable that we have 
had to let him have some laws of his own. Every decent and 
law abiding number obeys the law that if a+ b—a-+e, then 
b=—c. ~ will rather not be naturalized at all than aecept such a 
law ; it is an outrage to his nature and he insists that 2 + 12 = 
© + 10, and that 2- «2 = «. (Also in our terminology this ex- 


ceptional position of o% presents itself for example, in ex- 


pressions like 


lim a, -- s ad . 
Siete *, which is not a /imit at all, in any 


strict sense. ) : 

Whatever possessed us to admit such a fellow? We were 
tempted in various ways. The first temptation we resisted. This 
arose in the following fashion: If we divide 12 by 4, we have a 
definite result, 3; similarly, a divided by b, b 0, represents a 
definite number c. However, if we divide any number, for ex- 
ample 5, by 0, 3 does not represent a number. Infinity offered 
to take the place of this missing number, if admitted to citizen- 
ship. After due deliberation the congress of arithmetic voted 
down this proposition and even passed an amendment to the 


constitution forbidding by dire punishment division by zero. 
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This measure was taken because the congress possessed clear 
proof that behind this apparently innocent division by zero lurk 
the most sinister anarchistie and nihilistic tendencies; it is in- 
deed a proven fact that if this division by zero is admitted, all 
laws will fail. But for the enforcement of this special law, 
everlasting watchfulness is required, 

In this particular case, the effort to enlarge the seope of a 
fundamental operation (division, to inelude division by 0) has 
failed disastrously. 

Should we not, perhaps, do without « altogether? It might 
for large parts of mathematics, be possible. But the tempter 
persisted: By bidding us speculate on the fact that between any 
two numbers, however close together they stand, we can always 
squeeze just one more number—just one—; by bidding us re- 
fect on the fact that, however large a number, we can always 
add one more—just one—; by asking us to ponder over the faet 
that, however close we be to a point, we can always go still closer 
without touching it—always room to go just a little closer—; in 
dozens of such arguments he persuaded us to consider his appli- 
eation, until we finally gave in.— Perhaps one reason for leni- 
eney was that we do not consider him full grown and quite re- 
sponsible for his actions; for, although of no mean size, we al- 
ways think of him as growing, ever growing, never reaching 
his full stature -—. Only within the last generation or so have 
we obtained a glimpse of some of his brethren which have actu- 
ally attained their full growth; but they form an august clan- 
nish crowd which moves and lives in the very refined cireles of 
the theory of assemblages. 


What then shall we give as a reason for introducing x 
Reason: It seems unnatural to our mind to as- 
sume that there is a largest number, with 
all that this statement implies. 
And for our method of introdueing x ? 


Method: No number co is introduced. Instead, 
rules are introduced for dealing with 
quantities which may grow larger and 


larger, (larger than an arbitrarily as- 


signed number. ) 
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If we really want to introduce x as a number, we may, in a eer- 
tain sense do so. But we must revise all rules of operation and 
build up a new arithmetic for it. Connected with this « (which 
has sometimes been called the ‘‘statie infinite,’’ in distinetion to 
our infinity, the ‘‘dynamie infinite,’’ is the question of exist- 
ence of ‘‘infinitesimals,’” as quantities between 0 and an arbi- 
trarily small positive quantity. 

IIT. Irrational numbers. The irrational numbers, as the 
complex numbers, are law-abiding citizens. However, they are 
of highly complex mentality. They are citizens of the very 
highest type, but they expect respectful treatment of their 
racial characteristics. To the rational citizen of our republic 
all irrational beings are apt to look alike. But there are really 
two entirely distinet races of irrational numbers.’ We ean de- 
scribe these two classes of irrational numbers as follows: An 
irrational number is every number not of the type a/b, a, b, both 
integers. One of the classes consists of the numbers which pos- 
sess the property that there is an algebraie equation with in- 
tegral coefficients which is satisfied by this number. These 
numbers are the very important ‘‘algebraic numbers,’’ and 
they include, as special cases, the rational numbers. In_par- 
ticular, every expression formed by performing on_ rational 
numbers a finite number of the operations: addition, sub- 
traction, multiplication, division, raising to a power, extracting 
a root — represents such an algebraic number. © (But the vast 
majority of algebraie numbers are not capable of such repre- 
sentation). For this class of irrational numbers we can give 
nearly literally the same reasons for their introduction in Al- 
gebra and their admission to citizenship, and literally the same 
method for making them law-abiding citizens, as applied to the 
complex numbers. 

It is a question of taste and purpose whether one vorefers to divide the 
totality of real numbers into rational and irrational aumbers, or into alge- 
braic and transcendental numbers. The mathematical dithculties are the 
same. Essential is only that the rational numbers and the algebraic num- 
bers each form a denumerable set, while the irrational numbers and the 
transcendental numbers each form a non-denumerable set. In other words, 
it is possible to establish a one-to-one correspondence between the rational 


numbers and the ordinary integers 1, 2, 3, * * *, and similarly between the 
algebraic numbers and the integers 1, 2, 3, 


+“) 


but it is not possible to 
establish a one-to-one correspondence between the positive integers and 
either the irrational numbers or the transcendental numbers. 








CO 
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Reason: To extend the scope of an important theorem 
(for example, 27 —2—0 has no root until we in- 
troduce the irrational number \/ 2); or, 

To extend the field of an important operation (the 
extraction of radicals). 


Method: Preservation of existing laws. 


The second race of irrational numbers consists of all irra- 
tionals which are not the root of any equation with integral 
coefficients, of however high a degree. They are aristocrats in 
their own land, including, among their number such august 
personages as King e and Queen z. These are the famous ‘‘trans- 
cendental’’ numbers. They are, at heart, good citizens of the 
republic of numbers, but you will readily imagine that the 
process of naturalization has been, in their case, a very tedious 
and formal process. They retain their aristocratic allures. As 
far as elementary mathematies are concerned, we should prob- 
ably never notice the difference if they were not existent. At 
most, we should be obliged to say that there is no number, and 
never can be any number, which gives exactly the ratio of the 
length of the cireumference of a circle to the diameter. And 
after all, this statement would not be so senseless, by any means, 
as might at first sight appear. 

If we are to state in simple words a reason for introducing the 
transcendental numbers into mathematics, we may perhaps be 
permitted to fall back on a psychological motive: we are ac- 
ecustomed since many generations to think of the sequence of 
real numbers, say from 0... 1, as possessing in all respects 
the same structure as the so-called geometric continuum from 
0...1. However, if we restrict ourselves to algebraic numbers, 
we feel very soon that something is lacking in the correspon- 
dence; there are points — many, many of them —to which no 
number corresponds. By introducing the transcendental num- 
bers we bridge this gap. In a certain sense, our reason for in- 
troducing transcendental numbers is again the endeavor to ex- 
tend the scope, this time not of a theorem, perhaps, but of the 
principle that we can establish a complete correspondence be- 


tween our arithmetic continuum and the geometric continuum. 
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It will not have escaped your attention that this reasoning 
leads us dangerously close to a cireulus vitiosus, since one of 
the main recent tendencies of analysis has been to make an- 
alysis and its foundations independent of geometric intuition, 
and, indeed, to reduce the understanding of the geometric con- 
tinuum to the understanding of the ari/hmetic continuum. How- 
ever, without geometry to guide our steps it may be considered 
doubtful whether we should have developed the arithmetic con- 
tinuum at all. 

We state then as a reason for introducing transcendental 


numbers: 


Reason: (psychologieal) To extend the intuttive notion 
of the geometric continuum to the arithmetic con 


tinuum. 


The tedious and formal process of naturalization which I 
mentioned above, consisted exactly in examining whether these 
high-born aristocrats would be willing to accept in a democratic 
spirit the laws which govern their humbler brethren: the com- 
mutative and associative laws of addition and of multiplication ; 
never to be divided by zero, and to live peacefully in the land. 
Their examination, carried out by incorruptible and searching 
analysis, not by the easy going gang of geometric Intuition, has 


been most minute, but their loyalty has stood every acid test. 


Method: Preservation of existing laws. 


When we glance over the whole field of numbers and their 
arithmetic, the integers, the zero, the fractional numbers, the 
irrational numbers, the complex numbers, what impression do 
we carry away? The old sturdy stock of the race, represented 
by the puritanical integers, has gradually dominated and as- 
similated them all; the laws of operation—the associative, the 
distributive, the commutative laws, and a host of others—now 
encirele all the new numbers. They have all had to conform to 
the age-old laws of the integers. 

Kronecker, the German mathematician, said: ‘‘Die ganzen 
Zahlen hat der liebe Gott geschaffen, alles andere its Werk von 
Mensehenhand.’’ 
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GEOMETRY 


Dropping the figurative manner of speech, we continue the 
subject with the respect it deserves. 

When we turn to Geometry, we are confronted with problems 
of a similar type. 

Starting from an assumed Euclidean Geometry for a finite 
portion of ordinary three-dimensional space, how do we intro- 
duce into this geometry the infinite elements, how do we intro- 
duce the imaginary elements, how the four- and higher-dimen- 
sional spaces ? 

IV. Infinite Elements in Geometry. The desire to intro 
duce infinite elements in geometry would seem to be nearly un 
avoidable on aecount of our psychological conception of space. 
It seems intolerable to us to assume that we cannot, in imagina- 
tion if not in body, go in any given direction as far as we like, 
intolerable that there should be a greatest distance which can- 
not be exceeded. [It is only at a stage of great mathematical 
refinement that the possibility of a space which is finite in all 
directions is conceived—the Riemann space—and even this 
space is infinite if lengths are measured, not in our Euclidean 
manner, but by conventions which are natural for the Riemann 
Geometry|. To return to our ordinary plane: We are less 
interested in the psychological reasons for introducing infinite 
elements in Geometry than in the technical mathematical 
reasons. If we are dealing with a straight line, we shall intro- 
duce as infinite elements all points on the line lying farther 
away from any given point than an arbitrarily large distance. 
The definition follows closely the corresponding definition in 
“Igebra. 

Similarly, in a plane, the infinite elements are formed by the 
points lying farther away from any given point of the plane 
than an arbitrarily assigned distance. And similarly for space. 

The independence of character of the Infinite which we 
learned to fear and respect in Algebra reasserts itself in Ge- 
ometry, this time in the sense that it insists on being treated 
differently on different occasions. 


(a) The Infinite in the Euclidean plane (and in the Pro- 
jective plane.) 
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We seleet as paradigma the plane; for space everything 
mutatis mutandis, 

If we consider two straight lines in a Euclidean plane, they 
always have exactly one point of intersection, unless they be 
parallel. It so happens that by introducing in an appropriate 
manner infinite elements in the plane, we can remove this ex- 
ceptional case. IT need not insist on this point. We all know 
that this removal of the exceptional case is effeeted by the fiction 
that two parallel lines meet ‘‘at infinity.’’ Using in repetition 
the faet that two ines are to have always exactly one point in 
common and the facet that through two points exactly one line 
is determined we find that our elements at. infinity must be con 
stituted as follows : 

a) On every straight line there is exactly one point at 
infinity (not two, one for + x and one for — x ; in distinetion 
to the infinite of arithmetie). This point at infinity lies at in- 
finite distance from every finite point. 


b) <Any set of parallel rays in a plane have altogether just 
one point at x (to every direction belongs one point « ) — To 
two different directions belong two different points. There- 


fore there are, roughly speaking, as many points at infinity as 
there are different directions in the plane, that is, there are «x! 
points at infinity. These «! points all lie on a straight line and 
fill it out: the line at infinity, which nowhere penetrates into 
the finite part of the plane. Every part of this line is infinitely 
distant from every finite point of the plane. 

¢) Similarly, in space we have a whole infinite plane, of 
which every point is infinitely distant from every finite point of 
space. Every other plane cuts this plane in a line at infinity; 
CUC., Cte. 

For introdueing % in Euclidean (or in projective) space we 
may then say: 


Reason: (a) (psychological reason) It seems unnatural 
to our mind to assume that there is a limit to our 
space. 


(b) (mathematical reason) To extend the scope of 
an important theorem (two distinet lines in a plane 
always have exactly one point in common), 








| 
| 
i 
| 
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Concerning the method of introducing the infinite elements 
we may say: 
Method: Preservation of existing laws; that is, so that 
the elements at 2% will fit in with the finite elements 
without conflicting with existing laws. 


B) The Infinite in the plane of complex numbers of analytic 
functions; in the plane of the Geometry of Inversion. 
Without enquiring into the reasons for, and the method of, 
introducing a plane of complex numbers, we shall only state 
how in this plane, once it is accepted, the infinite elements are 
introduced. It is only necessary to point out that in this Ge- 
ometry the straight lines and their properties count for little; 
it is the algebraic transformation of the plane into itself by 
menas of the transformation 2’='/., and by its big’ sister 
y_@ +B 
e+ 


2’ ='/, a point outside the unit-cirele is transformed into a 


which dominates this field. By the transformation 


point inside the circle, and vice versa. With one exception, 
however, which is here just as important as in the Euclidean 
plane the breakdown, in the ease of parallel lines, of the prop- 
erty that two lines have exactly one point in common. This 
exceptional case arises from the fact that to the origin, the 
centre of the cirele, corresponds no point outside the eirele. 
But the fact that to the interior of any very small cirele with 
the origin as centre corresponds the whole exterior of a very 
large circle about the origin has lead us to the following as- 
sumption: In the complex plane (and in the plane of th 
Geometry of Inversion) the whole exterior of a circle about the 
origin (or about any finite point of the plane) whose radius 
ean be made greater than any assigned number, corresponds to 
the one point at the origin (or to the center of the cirele), and 
is therefore called ‘‘the point at «’’ of the complex plane. In 
other words in the complex plane, we have only one point at 
infinity, and we ‘‘approach’”’ the same point at o in whatever 
direction we start out;—‘‘All roads lead to Rome.’’ For 
For those among you who are familiar with stereographic pro 
jection, this assumption concerning the character of the point 
at co will appear more reasonable. 
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Reason for introdueing infinite elements in the complex 
plane: To extend the scope of an important theorem 
Under inversion—or under the general linear trans- 
formation—to every point of the plane corresponds 
exactly one point of the plane.) 
Me thod: Pre Sé rvation of existing laws. 

We notice the following point: although we have introduced 
two, mutually exclusive, interpretations of the infinite (in the 
Euclidean plane and in the complex plane), we must never take 
this to mean that one interpretation is true and the other false. 
We shall meet a similar situation, in more pronouneed form, in 
Non-Euclidean Geometry. 

V. Non-Euclidean Geometry.’ It would require several hours 
to justify in detail the introduction, alongside of our Euclidean 
Geometry, of the so-called Non-Euelidean geometries: the 
Bolvai-Lobatschefskij Geometry and the Riemann Geometry. 
A few generations of comparative familiarity with these amaz- 
ing conceptions of the mathematical mind have probably suf- 
ficed to dull our astonishment at these wondrous new spaces. 
‘‘Familiarity breeds contempt.’’ To emphasize in only one 
point the far-reaching importance of their introduction: It is, 
I think, extremely probable that our mind would not have been 
willing seriously to consider Einstein’s world of relativity if we 
had not undergone the mental training which the introduction 
of Non-Euclidean Geometry exposed us to. Even if we did not 
completely absorb the principles of Non-Euclidean Geometry— 
there are too many race-old prejudices to be overeome—yet it 
put us into a more or less receptive frame of mind. 

A superficial, but annoying, source of confusion lies in the fact that 
the term Non-Euclidean is sometimes used in a wider sense, so that it 
includes more than the geometries considered under \ lor example, the 
four- and higher-dimensional geometries are often counted into Non-Euclid- 
ean geometry. Unfortunately, these writers have a strong formal argument 
in their favor: every geometry which differs from the ordinary Euclid- 
ean three dimensional geometry is really non-Euclidean. But the term has 
come, in the minds of the majority of mathematicians, to mean that a 
geometry is Euclidean or Non-Euclidean according to whether the curva- 
ture is zero or different from zero, regardless of the number of dimen- 
sions. Most of the elementary illustrations of Non-Euclidean geometries 


are indeed carried through for two-dimensional spaces, not for three-dimen- 
sional ones. 


A four- or higher-dimensional geometry is Euclidean or Non-Euclid- 
ean, according to whether its curvature is zero or different from zero. 
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We ask again’ our old questions: 

Why were the Non-Euclidean geometries introduced ? 

How were they introduced ? 

The ‘‘why’’ of Non-Euclidean geometry is of extreme im- 
portance for the clarification of our ideas on what constitutes 
mathematics. To mention one phase: the powerful and im- 
portant method of investigating the foundations of mathematies 
which we have already referred to as the axiomatie or postula- 
tional method had here its origin and found here the source of 
its strength. I remind you of the famous ‘‘ Parallel Axiom”’ ae 
cording to which there is, in a plane, exactly one line parallel 
to a given line and passing through a given point not in the line, 
or, in other words, there is always exactly one such line which 
does not intersect the given line. (Of course we are not admit 
ting here points of intersection at infinity which are, after all, 
fictitious). 

We cannot review here the reasons why this axiom has al- 
ways enjoyed a special position in man’s mind, as compared with 
the other Euclidean axioms. Through the ages, from: Euclid 
down, we can trace a haunting feeling that this axiom stands 
apart from its kind and we witness a long series of efforts either 
to replace it by some simpler axiom or to prove it a consequence 
of the other axioms. Finally, in the early nineteenth century, 
the Hungarian Bolyai and the Russian Lobatschefskij proved 
that if we leave all other axioms unchanged and replace the par- 
allel axiom by a certain other one which contradicts it, viz., the 
axiom that it shall be possible to draw through a point outside 
a line (in the plane) more than one line not intersecting it (and 
therefore an infinite number of such lines) we can then again 
build up a geometry which contains no logical contradiction in 
itself. This is sufficient for us to admit it as a valid geometry, 
in every mathematical sense as real and as valid as the Euclidean 
Geometry. The question, why we cling so tenaciously to Euelid- 
ean Geometry as the ‘‘really, truly, honest to goodness’’ Geom- 
etry is an interesting and important question, but one which does 
not belong to the domain of mathematies. 

Later the German mathematician Riemann showed that we 
can build up another geometry, likewise free of internal logi- 
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cal contradiction, if we replace the parallel-axiom by the assump- 
tion that no line ean be drawn in the plane through the point 
which will not intersect the given line. This assumption leads 
to the Riemann Geometry, referred to above as **finite.”’ 

We have here a very curious state of affairs: Three geome- 
tries (or, rather, two types of geometries, the Bolyai Lobatschet- 
skij type and the Riemann type, and an intermediate geome- 
try, the Euclidean Geometry), each of which is mathematically 
sound, each from the standpoint of every mathematical and logi- 
eal test, true, and yet contradicting one another. 

By rising to a certain height of abstraction we satisfy our 
selves without trouble that the situation contains nothing to 


disturb our peace of mind. We ean, for example, overcome our 


difficulty in this manner: If we select any particular one of the 
Bolvai Lobatschefski] geometries, It Is characterized by the ex 
istence of a certain so-called ‘‘negative curvature,’’ which is 
measured by a certain corresponding negative number. If we 


choose any other negative number, then to it corresponds another 
Bolvai-Lobatschefski) geometry, of different curvature from the 
first. Similarly, if we select any particular Riemann geometry, 
it is charaeterized by the existenee of a certain ‘* positive eurva 
ture’’ which is measured by a certain positive number. If we 
choose another positive number, then to it corresponds another 
Riemann geometry of different curvature. It is for this reason 
that we talked before of ‘‘types of B.-L.-geometries’’ and ‘‘types 
of R.-veometries.”” Sandwiched in between the B.-L. geometries 
and the R.-geometries, as the zero is sandwiched in between the 
positive and the negative numbers, is our Euclidean Geometry, 
whose curvature is measured by the number 0. 

We can therefore, in our inner mind, imagine these spaces all 
strung out in a linear arrangement—or perhaps we cannot— 
just as we may imagine the real numbers all strung out, and, 
exactly as we comprise the totality of real numbers into the elass 
of real numbers, just so we may consider a kind of absolute 
geometry which ineludes all of the Non-Euclidean geometries 

B.-L. and R.) and the Euclidean Geometry, as special eases. In 


an abstract mathematical sense, this is the easiest thing in the 


world to do. We are merely introducing the number measur- 
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ing the curvature as a new ‘‘parameter’’ or ‘‘dimension.’’ Now 
the various geometries do not exclude each other in any other 


sense than the sense in which the real number 2 exeludes the 


» 


real number 3. We have said enough to justify the following 


answers to our questions: 


Reason for introdueing Non-Euelidean geometries: Loqi- 
cal difficulties encountered in the examination of 


Euclid’s axioms. 


Method: (a) Establishment of a whole range of non- 
Euclidean geometries, including among them the 


Euclidean Geometry. 


We note that our Euclidean Geometry is obtained from this 
absolute geometry, by choosing for the eurvature’ the 
measure 0 in logically the same sense in which we obtain from the 
totality of complex numbers a + bi the real numbers by choos- 
ing b=0. Weshould thus be justified, in close analogy with the 


ase of complex numbers and other eases, to add, under 
Methods: (b) Preservation of existing laws. 


VI. Four-dimensional Geometry’. The last subject to be 
considered is four-dimensional geometry. In this geometry, we 
have again to distinguish well between the mathematical exist 
ence of such a space (which involves nothing but lack of inner 
contradiction in the system), and the possibility of something 
corresponding to this four-dimensional geometry in the same 
sense in which our every-day three-dimensional space corresponds 
to three-dimensional geometry. Be it merely mentioned that this 
question of the ‘‘reality’’ of four-dimensional space is to the 
mathematician, for various reasons, of less interest than the 
corresponding question in the B.- L.- and R.- geometries, and 
we know already that even there the question is really not 
a mathematical problem. The mathematician rests satisfied, we 
repeat, if he ean establish a ‘‘four-dimensional geometry,’’ even 
if it have no realization outside of his formulas and construc- 
tions, provided only that these formulas and constructions can 
never lead to a logical contradiction within the system. Indeed 


‘Euclidean. See footnote to V. 
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he finds not much more difficulty in constructing a geometry of 
5 or of n dimensions, and is somewhat at ease in a “function 
space of infinitely many dimensions.”’ 

It is, for our purposes, satisfactory to say that the mathe 
matician invents, for purposes of convenient expression and as a 
valuable aid in the discovery of new theorems, a new geometry 
which corresponds to our 3-dimensional geometry in the same 
manner in which our 38-dimensional geometry corresponds to 
the geometry of the plane.'!. Methods of generalizing from our 
3-dimensional geometry to a four-dimensional geometry suggest 
themselves readily, and since it ean be shown that the new sys- 
tem, irrespective of any spatial interpretation, is consistent in 
itself, it is a matter of small wonder that a geometrical nomen- 
eclature and a geometric interpretation can be invented which 
are also not self-contradictory. And this, we know, is all that 
is required in order to be able to speak of 4-dimensional space 
in a mathematical, but not in a psychological or metaphysical, 
sense. (This is one extreme way of looking at the problem. 
There are other directions of attack, but probably no responsible 
mathematician now-a-days puts forth any elaims for the reality 
of four-dimensional space in the sense in which we are ac- 
eustomed to think of three-dimensional space. Of course, any- 
body who has so thoroughly absorbed Einstein’s theory of rela- 
tivity that he feels quite at home in Einstein’s time-space world 
has a right to argue that for him the question of a real 3-dimen- 
sional world has no meaning at all.) 

You are familiar with the interpretation of formulas in an- 
alytiec geometry of one, two, three dimensions. Let us then go 


one step farther, into the fourth dimension. We find at once: 


x,) = eoordinate of a point in a line (in 1-dimensional space 

@, coordinates of a point in a plane (in 2-dimensional 

space 

ae oe coordinates of a point in a space (in 3-dimensional 
space ) 4 

L,. Ly, Ly, L,) = coordinates of a point in a space of 4 dimen- 
sions. 


'The importance of a convenient symbolism must not be underrated 


In most of modern mathematics, progress depends vitally on the existence 
of an adequate symbolism. 











18 THE MATHEMATICS TEACHER 


Ur: 
V (tf, — yy)? =) 1, — y= distance between v,, y, in one 


dimensional space ; 


V (4, —Y,)? + (4, — y.)? = distance between (2,, 7,),(y,. Ys) 
in two dimensional space ; 


V (f,— Yi)? + (te — Ya)? + (43 — yy)? = distance between 


(ry, Loy Ug),(Uys Yor Yy) In three dimensional space; 
\ Ly Yd) (hn — Yn)? + (yg — 3)? + (ty — yy)? dist- 
ance between (.7,, a, Sy, Uys), (Yas Yor Yas Yy) in four dimen- 
sional space. 
Similarly : 
(1—a)*+ (y— b)= =r", equation of a cirele in’ two-dimen- 
sional space ; 
xa—a)*+ (y—b)- + (z:—c) equation of a sphere 
in three-dimensional space ; 
(r—a)-+ (y—b)* + (2—e)*- 4+ (wv d) rm, equation of 
a hypersphere in four-dimensional space, 


or, to mention one more set of formulae, 


LL ° > ° ° ° ° 
— = 1, equation of a point in one-dimensional space ; 
a 
J ¥ , 5 . ‘ ° ; 
— + —=1], equation of a line in two-dimensional space ; 
a b 
J Y - , ; 
—+— +—=1], equation of a plane in three dimensional 
t b ( 

space ; 
x y 2. w , ' ——" 
—+—+ —+ —=], equation of a hyperplane in four-di- 
al b c d 


mensional space. 
It is as simple as all that! 


Just as, in three dimensions, two planes intersect in a straight 
line (barring exceptional eases), just so, in four-dimensional 
space, two hyperplanes interseet in an ordinary two-dimensional 
plane (barring exceptional cases). 

We may already guess, from these illustrations, that we obtain 


our three-dimensional space from the four-dimensional space by 
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letting one dimension vanish. The importance of this we readily 
appreciate when we remember other cases where an analogous 
situation arose. 


We may also approach the fourth dimension from a more 
geometrical angle: We can reconstruet a model in three-dimen- 
sional space from its two-dimensional picture, that is, from its 
projection from three-dimensional space onto two-dimensional 
space; In the same way we may ask, starting out from a given 
model in three-dimensional space, from what kind of four-dimen- 
sional object it may have been generated by projection from a 
point in four-dimensional space onto a three-dimensional space ; 
or, in other words, of what four-dimensional solid it may be con- 
sidered a three-dimensional shadow! We note with particular 
care that this in no way implies the existence of four-dimensional 
space. In fact, we may formulate the problem as follows: Jf there 
exists a four-dimensional space, then what will the solid in it 
be like which gives as its three-dimensional shadow our given 
solid ? 


That we are able to make definite statements concerning 
‘‘mathematieal’’ objects without knowing whether they ‘‘ex- 
ist’’ at all or not, is to the mathematician a familiar faet. For 
example, in the theory of numbers we speak of a ‘‘ perfeet num- 
ber’’ as a number of which the sum of all proper divisors is 
equal to the number itself: 6 is a perfect number, because 1 + 


e+e 6; 28 is a perfect number because 1 + 2+ 4+ 7+ 14 
28. These two perfect numbers are even numbers. <A few 
more even perfeet numbers are known. Coneerning odd per- 
feet numbers, we know quite a few properties. To quote only one 
simple theorem, every odd perfect number is of the form 4/4 + 1. 
But we do not know whether any odd perfect numbers egist! 
To give an example of a three-dimensional shadow of a four- 
dimensional solid, we state that if we hang into a wire model 
of a cube a second small cube, so that the cubes have the same 
centre and their corresponding pairs of edges parallel, and 
join through eight pieces of wire corresponding pairs of ver- 
tices, then this model (consisting of 32 pieces of wire) is the 
‘‘three-dimensional shadow’’ of the regular four-dimensional 
‘*8-eell’’ (‘‘bounded’’ by 8 three-dimensional cubes 





the large 
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cube, the small cube, and six more *‘ecubes,’’ which are distorted 
in our model into truneated pyramids). 
We have perhaps said enough to be able to answer our ever 


recurring questions: 


Reason for introdueing four-dimensional space : 
a) Convenience of expression; with the closely 
related economy in thinking. 
Db) To erte nd the SCO pe of geone trie inte rpre ta- 


tion of formulas. 


Method: Preservation of existing laws. Our three- 


dimensional space fits into the enlarged scheme 


Conclusion Glaneing over our table we find evidence of a 
principle which seems to govern the introduction of important 
new concepts into mathematies. We find again and again that 
new concepts are introduced for the reason that we wish to ex- 
tend the scope of an important theorem or operation, frequently 
in order to remove exceptional cases which made it impossible 
to state fundamental theorems in the full generality they de- 
serve, 

The method of introdueing the new concepts shows even 
greater uniformity than do the reasons back of introducing them 
at all. Once it is decided that the new concept is to be ineor- 
porated into the system of mathematics, the utmost eare is 
taken that nothing which is of value in the already developed 
theory shall be disturbed. 

The builders of mathematics are ever ready to incorporate 
new ideas, but not at the price of sacrificing a jot of the solid 


foundations on which their proud and many towered eastle is 


being erected. 
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AN EXPERIMENT IN CLASSIFICATION OF PUPILS IN 
ALGEBRA! 


By MISS L. PRICE 
New Trier Township High School, Kenilworth, Il 


It is the purpose of this paper to deseribe an experiment which 
is being conducted at the New Trier Township High School, in 
segregating Freshmen into slow-moving, normal and _ acceler- 
ated classes in Algebra, an experiment which is undoubtedly 
being duplicated in other schools. We are describing our experi- 
ment with the hope of bringing about a discussion as to the ad- 
visability of such classes, best method of conducting them, sub- 
ject-matter to be taught, and results that may be expected. 


At New Trier, for the past year, we have been conducting two 
slow-moving groups and one accelerated group in addition to 
seven normal groups. We have been making this experiment, be- 
cause we have felt very keenly that the old method of arranging 
classes without regard to mental ability was extremely inefficient, 
since it resulted in wasted time for both the accelerated and slow 
moving groups. In the ease of the slow-moving group, a group 
usually entirely among the failures, we feel that the loss was 
not only a loss in actual time—but the much greater loss of 


since the habit of failing, 





mental training and discipline once 
acquired, is such an extremely hard one to combat and one which 
carries with it dangerous mental habits and attitudes toward 
work. We therefore decided that something really accomp 
lished, no matter how small, was a distinct advantage over our 
old methods of caring for, or failing to eare for, the mentally 


slow. 


The first task which presents itself in connection with such a 
course, is the method of selection. Here we must exercise the 
most careful judgment and make schedule arrangements so 
elastic, that shifting back and forth can be easily arranged. 
For, in spite of all we are learning concerning mental tests, 
we are forced to admit that they are not absolutely reliable aids 
in pigeon-holing boys and girls. 


1 Paper read before Mathematical Section of High School Teachers’ Con- 
ference at University of Chicago, May 12, 1922. 
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The method employed for selection was as follows: Mental 
tests were given in the spring in the eighth grades of the schools 
in our High School district. The boys and girls were then 
ranked, not only according to their I. Q. from mental tests but 
also aceording to their previous school records. From those at 
the head of the list, an aeeelerated group was formed and from 
the end of the list, the two slow-moving groups. Of course, 
new pupils entering our school-distriect for the first time, were 
not properly located by such a method—moreover, we soon dis- 
covered that among our normals, there were slows, and among 
our supposedly slows there were normals. Consequently, it 
was decided to carry all of our classes along at a normal rate 
for the first month, and then after a close study of each case 
make necessary shifts. (I might add that most of the shifting 
was for those who were entering our school district for the first 
time. Except for two or three unusual cases, the mental tests 
were a satisfactory method of grouping.) We found this an 
extremely satisfactory method of selection, until along toward 
the last of the first semester, when some of our plodders, having 
been allowed to progress slowly, showed signs of brillianee and 
were transferred to the normal group for the second semester. 
[ have two such notable examples, who are doing 90-95% work, 
now, in normal sections. We attribute their excellent work this 
semester to the fact that they were allowed to go slowly at 
first. 

In order to make this shifting from one class to another as 
simple as possible, our sehedules were arranged so that a slow- 
moving and normal group were in session at the same time. This 
arrangement, of course, permitted shifts to be made without dis- 
turbing other classes. 

The personnel of the slow-moving classes easily divides 
itself up into three groups: (1) those who are slow in grasp- 
ing an idea—but when they have grasped it, retain it. (2) those 
who are slow in grasping an idea and do not easily retain it and 
(3) those who are mentally lazy. This latter group, we have 
kept as small as possible by transferring them, if at all possible, 
into the normal group and attempting to awaken them from their 
mental lethargy. They have been in the minority in our slow- 


moving classes. 
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In order to give the greatest assistance to these groups of 
individuals, the kind of instruction and the material used has 
had to be earefully chosen. We have found that the time for 
explanation has had to be inereased. In faet, an explanation 
in the slow-moving group must frequently take four or five times 
as long as in a normal group—and, moreover, be frequently 
repeated. Daily and weekly drills in the operations supposedly 
mastered were necessary to assure mastery of the material. 

The material used, was of course, much more simple, but the 


ground covered, as far as subject matter is concerned, was 


. practically the same for both normal and retarded groups. The 


‘greatest limitation, as far as subject matter was concerned, was 


of necessity in the formation of equations. Otherwise the sub- 
ject matter covered was the same. 

Out of our two slow-moving classes, numbering 44, the very 
poorest of the Freshnian class, we had 7 failures. All of this 
latter number are repeating Algebra this semester and with the 
exception of one, who seems to be hopeless from a mathematical 
stand-point are doing passing work in normal groups. 

As a result of the year’s experiment, we exhibit the following 
statistics in comparison with the previous year. 

During this past fall there were enrolled in first semester 
Algebra, 263 of which 32 failed and 5 withdrew. Only one 
of the withdrawals was due to discouragement because of failure 
—the rest, being due to removal from school-distriet. The per- 
centage of failures was 12.10% and of withdrawals 1.9°. 

During the corresponding period of the previous vear, there 
were enrolled 273 of which 36 failed and 16 withdrew, eight 
withdrawing because of becoming discouraged thru failure. The 
pereentage of failures was 13.2% and of withdrawals 5.8% 

Our greatest improvement is in the percentage of withdrawals 
an item which makes us feel the worth-whileness of our ex- 
periment. The reduction in the pereentage of failures is not as 
convineing as we should like to have it—but in almost every ease, 
our failures this year were due to laziness rather than lack of 
ability in our normal classes. We feel that these failures were 
not due to our failure in presenting subject matter beyond the 


ability of boys and girls to grasp, but rather to the laziness of 
the student. 
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The objection which has always been raised to segregation of 
the slow and normal, was that the element of competition was 
removed—and that in a slow group, the slow would become 
slower and the class most uninteresting. The incentive for 
better work was removed by removing those of superior ability. 

I contend that the greatest incentive for good work, is the 
knowledge that we are capable of doing the task assigned and the 
presence of people of superior ability is more frequently dis- 
couraging than encouraging. 

In a slow-moving group, the subject matter is covered so 
thoroughly and explanations made so frequently that the mem 
bers of the group know they can do the task assigned and con- 
sequently do it. The same amount of explanation, if given in 
a normal group, while absolutely vital to the slow, would be 
fatal to the upper group. Furthermore, the poorer students 
dislike to ask questions in a mixed group, for fear of displaying 
their ignorance, while in a group of those of equal mental abil- 
itv, that hesitaney is lost and their understanding of the sub 
ject matter is much greater. 

The element of competition, is moreover, not lost, since even 
in such a group there is a great variety of ability and always 
some who are leaders. Competition between those who are 
nearly equal in abilitvy—no matter to what group they belong, 
is truly a great incentive, but between those who are not equal 
in ability, it is discouraging to the poor and of no value to the 
strong. 

The only hardship experienced in segregation is that the lead- 
ers in the slow-moving group do not have those of superior 
ability with which to contend. This objection, however, can be 
off-set by constantly presenting to them the incentive of being 
transferred to a normal group if their work is of high enough 
caliber. 

In the normal group, the absence of ‘‘dead or dying timber’’ 
improves the morale of the whole group. Where everyone is work- 
ing and thoroughly understanding what they are doing the 
lagards are few and the quality of all work improved. 


It is our aim to prepare our boys and girls to meet the com- 


petition which life forees upon them. I believe that we give 
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them a better preparation in a class where the instruction ean be 
given so that they really master the material—than in a class 
where the instruction is over their heads and their knowledge, 
if they manage to get any—is only sufficient to ‘‘pull them 
through.’”’ 

In the teaching of such a class, a teacher’s ingenuity is fre- 
quently taxed by trying to find ways and means of presenting 
the material in an understandable manner. Her patience is not 
as sorely taxed, as when she is teaching a mixed group—be- 
cause she knows of course what kind of a group she is handling 
and ‘‘forewarned seems to be forearmed.’’ Furthermore, the 
evident appreciation upon the part of the boys and girls—be- 
cause they are really learning something, is a very great re- 
ward for the hard work on the part of the teacher. 

In conclusion, I wish to state that we have found two condi- 
tions absolutely essential to satisfactory work with a slow- 
moving class. (1) Small classes—at least less than 25: (2) an 
elastic schedule permitting shifting when necessary. 

I might add also that Miss Maloney of our Mathematies De- 
partment and I, who have each had a slow-moving and normal 
elass in Algebra this fall, agree that the segregation of Fresh- 
men is a much more satisfactory course than our old method of 


hit or miss classification. 











PERMUTATIONS IN THE 16TH CENTURY CABALA 
MORRIS TURETSKY 


INTRODUCTORY NOTE. In the November, 1922 number of the Mathe- 
matics Teacher attention was called to some interesting material 
been discovered 
in certain Hebrew works by Messrs. Ginsburg and Turetsky The latter 


relating to permutations and combinations which had 


came across his material in a certain work by Moses Cordovero, a 
learned rabbi of the first part of the 16th century—the Pardes Rim- 
monim (Orchard of Pomegranates), first printed in the Hebrew lan- 
guage at Salonika in the year 1552 It sets forth the simple and in- 
teresting way in which Cordovero attacked the subject of permutations 
and suggests a method which could be used with profit at the present 
time The translation is interesting because of the quaint style, and 
the notes will be found valuable not merely for their explanations but 
for the mathematical principles set forth 


DAVID EUGENE SMITH 


That there is a close relation between the Cabala and mathe 
maties is clearly evident. Cabala—the mystie science coneerning 
God, the universe, and divine seerets—ineluded the belief in the 
creative powers of letters and numbers, magie powers having 
been attributed to the letters of the Hebrew alphabet. The dif- 
ferent letters were considered as powers such as, if suitably com- 
bined, could subjugate the forees of nature. This belief natur- 
ally led those who indulged in mystie discussions to attempt to 
ascertain the number of ways in which different groups of let- 
ters could be arranged—resulting in a study of permutations 
and combinations. Thus we find that the Sefer Yetzirah (Book 
of Creation), the authorship of which is absurdly attributed by 
legend to the patriarch Abraham, and which is probably a prod- 
uct of the first few centuries of the Christian Era, contains the 
results for the permutations of 2, 3, 4, 5, 6 and 7, elements 
taken all at a time.'’ One of the many books in the rich cabalistie 
lore which followed the Sefer Yetzirah, and was largely based 
on the tenets laid down by the latter, is the Pardes Rimmonim? 

Orchard of Pomegrantes) of Rabbi Moses Cordovero.’ The 
work consists of thirty-two chapters, one of whieh (Chapter 30) 


See Sefer Yetzirah, Chapter IV, p. 12 


First edition published in Salonika in 1552. Other editions Venice 
(1586), Krakow (1592), and Koritz, Russia (1786) 

Moses Cordovero was one of the most prominent cabalists of the 
16th Century He was born in Safed, Palestine, in 1522, probably of a 
Cordoban family, as his name suggests. He was a rabbi in Safed and 
died there on June 25, 1570. 
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is devoted to a diseussion of permutations and combinations. 
This article will simply concern itsélf with his treatment of 
permutations. 

Cordovero begins the chapter ‘‘On Permutations’’ by quoting 
the passage from the Sefer Yetzirah, wherein a statement is 
made regarding permutations, several special results being given 
without demonstration. Using the figurative language of the 
Sefer Yetzirah, Cordovero introduces the quotation by a remark 
that, ‘‘A house cannot be built with one stone,’’ implying 
by this statement that one letter cannot be permuted.t. He then 
proceeds to prove and generalize the results given in the Sefer 
Yetzirah. 

‘*Two stones? build two houses,® for in permuting two letters, 
two words will be formed each being eonsidered one house; be- 
cause two letters can be combined in two ways, namely, ab and 
ba,* for the word, when rolling in a cirele,® will reverse itself, 
the beginning becoming the end, and the end replacing the be 
ginning. Three stones build six houses, as follows: abe and ach 
(two permutations beginning with a), bae and bea (two begin- 
ning with b), and cab and cba (two beginning with c). Hence 
together there are six houses. Four stones build 24 houses, 
which is illustrated in the following way: Considering the letters 
abcd, there will be six constructions beginning with a, namely, 
abed, abde, acbd, acdb, adbe, and adchb; six beginning with b, 
namely, bacd, bade, bead, beda, bdac, bdca; six beginning with ce, 
namely, cabd, cadb, cbad, chda, edab, edba; and finally six begin- 
ning with d, namely, dabe, dach, dbac, dbca, deab, deba. Together 
then there are 24. If we should examine these permutations we 
would find them ordered in such a way that each of the above 
mentioned groups contains the permutations of the other three 
stones . . . We may infer then that in dealing with a group 

1 While he considers one letter to have no permutations, he considers 
the number of permutations of a group of the same five letters to be one 

* Elements. 

Permutations. 

‘Cordovero always uses the letters of the Hebrew alphabet The 
translation has been slightly amplified to express more fully the 
meaning. 


>Pacioli (Suma, 1494) and Tartaglia (1556) consider a somewhat 
similar case of a number of persons sitting around a table. If a circle 


a b 
is used the letters may be arranged thus: O or thus: O 
b 


a 
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of four, five, or six letters, it is useful to first consider the last 
two stones as forming a group of their own and to permute them 
as such.”’ 

Cordovero then proceeds to illustrate the value of this sugges- 
tion in permuting the letters abed.' The last two letters ield 
two forms and the last three letters (b, ec, d) give rise to six 
different permutations. He then places a at the head of each of 
these permutations and has six beginning with a. He then states 
that in a similar way b can be placed at the head of the six per- 
mutations of acd, and e at the head of the six permutations of 
abd, and d at the head of the six permutations of abe. Together 
we have the 24 permutations of the four letters a, b, c,d. Sum- 
ming up this discussion, Cordovero gives the following rule: 
‘By looking into the above permutations we discover that, 
while two stones vield but two, when another stone is added, we 
will have three times the previous two, sinee the third stone is 
evclically? permuted with the other two stones and as a result we 
shall have two times three, or six. Proceeding thus, four will 
give four times six, or 24; five will give five times 24, or 120; 
six will give six times 120, or 720; seven will give seven times 
720, or 5,040. From this point on we might similarly eompute 
until we reach the point where there exists no more number.”’ 

In the rule just derived all the things have been regarded as 


“unlike. * In the follow” section, Cordovero proceeds to 


Cordovero does not use the Hebrew letters for a, b, e, d; in this 
tances he uses the four letters of the name Shlomoh (Solomon) 

See note 2 on page 33 Most of the modern writers of algebra 
textbooks who consider permutations look at circular permutations from 
a different angle For example, they obtain 4! > 4 for the circular 
permutations of four objects taken four at a time since in the cyclic 

a 
arrangement ad b, abcd beda, cdab, and dabe are considered one arrange- 
ment instead of four distinct permutations as Cordovero considers them 

Altho Bhaskara (c. 1150) gives the rule for the permutation of n 
things taken r at a time (Lilavati, Colebrooke translation, pp. 49, 123) 
the first known evidence of interest in the subject, found in print, is 
in Pacioli's Suma (1494), where the author finds the number of permu- 


tations of people sitting around a table (Fol. 43, v.) He gives the re- 
sults for n 12, .. ., 11. Tartaglia, in 1556, also discusses the case 
of people sitting around a table and gives the results for n 1, 2 


12. The first work of any extent where this subject was discussed is 
Bernoulli’s Ars Conjectandi (1703, Pars Secunda, Caput 1) 
‘The terms “like’’ and ‘‘unlike’’ are here used to denote letters that 
. are respectively visibly alike and are easily distinguishable from one 
another 


; 
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consider and devise a rule for the permutation of the letters of 
words in which one or more stes of letters are ‘‘like.”’ 

‘““If we should find a repeated letter, then one half of the 
number corresponding to the number of elements should be sub- 
tracted. For this reason the tetragramaton will not give more 
than 12 constructions,? or one half the number otherwise re 
sulting—sinee four stones usually build 24 houses, while these 
four stones build but 12. . . . A word of three letters would 
by the law give rise to six forms; if, however, there are two like 
letters in the group there will be but three permutations. If, in 
a group of four, a letter be repeated three times, the first dupli- 
eation will destroy half of the permutations, as we have ex- 
plained; and the second duplieation (that is, the third like 
letter) will destroy two-thirds of the remainder, four forms 
remaining out of 12.° 

‘*Thus abbb, which should give 24 permutations by the origi- 
nal law, will (because of the three like letters) yield but four. 
In a group of five letters whose permutations would ordinarily 
be 120, if there are two like letters as in abcdd, there will remain 
60*; if there are three like letters, as in abddd, two-thirds of the 
remaining forms will disappear and but 20, or one-third, will 
remain as a result of the effect of the third letter’; if there is a 
fourth like letter in the group, then only one-fourth of the latter 
result will remain. For example, in the ease of adddd, nobody 
ean make it vield more than five permutations, or one-fourth of 


1This case in permutation is taken up by Bhaskara (c. 1150) (Lilavatl, 
Colebrooke translation, p. 123), who gives a rule for finding the numbee 
of permutations of n things taken r at a time with repetitions. The 
Ars Conjectandi (1713) of Beroulli treats the matter fully (Pars Se- 
cunda, Caput I). 


P. 24 
*That is, 9 «2 — an ——_ a= 12, 
Bs 1-2 
P, 24 
’That is, n = — = ——- = 4. 
r 1-2-3 
r, 1-2-3-4-5 
4That is, n = — — ———__—_ = 60. 
P, 1-2 
P, 1-2-3-4-5 
5That is, n = — = —————- = 20. 
P, 1-2-3 
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\ 
the 20.1. If there should be a fifth like letter in the group, then 
there will remain only one-fifth of the previous number, hence 
we would not have more than one permutation ; which is one-fifth 
of five. Thus ddddd can appear in one form only.’ ? 

Summing up Cordovero establishes the following rule: 

‘If there are only two like letters, one-half the permutations 
will remain; in the case of three like letters, only one-third will 
remain of the number obtained in ease of two letters; if there 
are four like letters, one-fourth of the previous amount will re- 
sult, and similarly with five like letters, six like letters, seven 
like letters, and so on. 

‘“This rule, however, is applicable only if all the repeated let- 
ters are similar to the first two like letters. If, however, the 
repeated letters are as in the word aabb, a different rule must be 
applied. The first duplication will destroy half the permuta- 
tions as previously stated, . . . 12 remaining; and the dupli- 
cation of the second letter will further reduce the number to 
six, or half of 12. . . . So, of the letters aabb, it is possible to 
construct only six permutations or half of the 12 perviously 
derived.”’ is 

Cordovero then takes a group of five letters in which there 
are two distinet pairs of like letters, as abbcc, and shows that the 
actual number of permutations is 120 divided by two, because 
of the first group of like letters, 60 remaining ; this again, divided 
by two by virtue of the second pair of like letters, leaves 30 re- 
maining. He then considers a group of six letters composed of 
three pairs of like letters which by the general rule would give 
720 permutations. He divides that number by two, and then 
again by two beeause of the first two pairs of like letters, thus 


P. 1-2-3-4-5 


‘That 1S, 9 == — == ————____ = 9. 
r 1-2-3-4 
r. 

2That is. n —= — — 1. It is of interest to note that in the first section 
P, 


Cordovero considers one element as having no permutations. 


P, 12-34 
°“That is, n= ie = ieee, 
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obtaining 180. For the third pair of letters, however, he divides 
180 by three, obtaining.' He further states that if the let- 
ters of a word of eight letters, composed of four pairs of like 
letters, are permuted, we would divide by two twice for the first 
two pairs, by three for the third, and by four for the fourth. 
In a similar way would he find the permutations of groups 
containing more than four pairs of like letters. 


1 Here Cordovero, or possibly some later scribe, is wrong He is 
probably misled by the fact that if three single letters are alike, we 
divide by two, and then by three for the third letter I cannot say 


whether or not this mistake appeared in the first edition published (see 
note 2). The editions of 1592 and 1786, both give this version 











THE CULTURAL VALUE OF SECONDARY 
MATHEMATICS . 
By DEAN JOHN H. MINNICK 
University of Pennsylvania 

Before we can discuss the cultural value of secondary math- 
ematies we must come to some conclusion as to what we mean by 
culture. If we turn to the works of some of the best educators 
of our country, we find a maze of opinions and definitions. ‘‘A 
more or less popular notion of the man of culture pictures him 
as one living apart from those who think through present-day 
problems and devote themselves to their solution.” One tells 
us that ‘‘Cultural education includes all forms of edueation ; 
that is, training and instruction designed to develop eultural 
interests in sueh fields as art, literature, science, and history.’’ * 
Another makes culture and diseipline almost synonymous,” and 
still another defines culture as ‘*the vital union of information 
and diseipline.”’* Horne says that culture is ‘‘capacity for the 
intellectual and aesthetic enjoyment of leisure’’*® and Colvin 
says that ‘‘the highest culture comes to a person who has learned 
something useful and who has the skill to apply what he has - 
learned.’°° Strayer and Norsworthy tell us that ‘‘It is con- 
ceivable that the person of culture is one who, by virtue of his 
education, has come to understand and appreciate the many 
aspects of social environment in whieh he lives; that he is a man 
of intelligence, essentially reasonable, and that he is willing 
and able to devote himself to the common good.”’ But the 
confusion is so great that the last named authors decided that 
it is best to discard the cultural aim of edueation. However, this 
aim refuses to be discarded and we find ourselves compelled to 
consider it. 

To my mind the last statement of the meaning of culture has 
much to commend it. It ties up culture very definitely with 


usefulness. Culture, however, should mean something quite 


Strayer and Norsworthy: How to Teach, Page 2. 

“W. H. Dooley: Industrial Education, Page 2 

D. E. Smith: The Teaching of Elementary Mathematics, Page 20 
‘John Dewey: Ethical Principles Underlying Education, Page 19. 
Horne: Psychological Principles of Education, Page 34 

*S. S. Colvin: Introduction to High School Teaching, Page 339 
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different from that specific usefulness which fits one for a par- 
ticular position by which he makes his living and perhaps makes 
a very real contribution to society. It should mean a general 
usefulness rather than this specific usefulness. Two men may 
know a certain field of knowledge equally well, but one knows 
this field in relation to a special vocation while the second, in 
addition, knows it in many relations so that his outlook on life 
is broadened and he ean see and understand the problems of 
other men and ean enter into the life of the society of which he 
is a part ina fuller way. For the first man this field of knowl- 
edge has had no culture; for the second it has. 


With this understanding of the subject let us turn to the con- 
sideration of some of the faetors which contribute to general 
usefulness or culture. Among these we may consider first, a 
broad general knowledge of human affairs such as may be gained 
by travel, contact with people, and the study of history, litera- 
ture and other fields of knowledge closely related to human 
life. That such knowledge is generally useful will scarcely be 
questioned. It helps man to meet others more easily and to un- 
derstand their view-points better; and it helps him to interpret 
and master new situations as they arise. Second, an under- 
standing of the material universe in which we live gives us a 
similar advantage. Man always has been and always will be 
interested in the natural phenomena about him and an under- 
standing of them gives him a satisfaction and contentment 
which makes him more useful to society. Third, a general 
knowledge of how society has mastered the material world and 
turned it to its own use is essential to culture. If a man can- 
not discuss with some degree of intelligence the construction of 
the great bridge which is being built across the Delaware River, 
or at least listen with intelligence to such a discussion we ean 
scarcely consider him cultured from our view-point. A fourth 
important factor is the development of one’s powers and abili- 
ties generally. A man may have a particular ability developed 
for a specific purpose but he becomes generally useful only when 
all of his powers are developed in such a way that he can make 
various applications of them. 
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With this partial analysis we turn to the question, ‘‘ What 
contribution, if any, can mathematics make to one’s cultural 
development ?”’ 


In the first place mathematics is a great body of truth which 
has played an important part in the development of civiliza- 
tion. From the erude attempts of the Egyptian to survey his 
land and to construct his pyramids to the completion of the 
great modern engineering undertakings, of today; from the 
crude attempts of the ancients to explain the mysteries of 
nature to the modern diseoveries of seienece, mathematics has 
been an important factor in the advancement of society. And 
just as a knowledge of history and literature is essential to 
culture because they are important parts of human knowledge 
and because they give us a better insight into social conditions, 
just so mathematics is also necessary to culture. From this 
viewpoint mathematics is essential not because it is a great 
piece of logically organized truth, but because it is a piece of 
truth upon which the development of civilization has at all 
times been dependent. The mere study of mathematics does not 
necessarily carry with it the fulfilment of this phase of the 
cultural value of the subject. For this purpose a definite un- 
derstanding of the relation of mathematics to the development 


of society is necessary. 


Thus far we have spoken from a more or less historical view- 
point. We have referred to the relation of mathematies to the 
past development of society. But present day society is also 
dependent upon mathematies. As we will know the universe in 
which we live is subject to mathematical laws. Man’s euri- 
osity is still driving him on to the discovery of the hidden facts 
of nature. The satisfying of this curiosity is just as essential 
to the mental welfare of society as the satisfying of hunger is 
to its physical welfare. It is impossible to solve the problems 
of nature without an extensive knowledge of mathematies,—and 


a much more extensive knowledge than we can hope to give 
the high school pupil. But a limited amount of mathematical 
material properly selected and taught will give an impression 
of the aceuracy and force with which mathematics works so 
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that the pupil will more readily accept the conelusion of the 
specialist. Here again the cultural value of mathematies de- 
pends upon the method of instruction. 


In like manner, the physical comfort and the social relations of 
man are dependant upon methematies. Without this subject it 
is impossible for man to lay hold of his natural environment and 
adapt it to his use. Dr. David Eugene Smith’ tells us, that if 
by some chance every trace of mathematical material should be 
removed from the world, ‘‘every mill in the whole world would 
slow down and every large coneern would close until it could 
replace its accounts, its statistical material, its formulas for 
work, its measure, its tables, and its computing machinery, 
‘ every ship in the seven seas would be stricken with 
blindness and would wallow helpless, awaiting the probable 
starvation of its human burden. Not a rivet would be driven in 
a skyseraper in New York City. . . . Wall Street would close 
its portals; the engineering world would awaken tomorrow 
morning to a living death; the mines would shut down, and 
trade would relapse to the conditions of barter as in the days of 
savagery.’’ No one who has taken time to reflect can doubt the 
accuracy of this startling picture of the world without mathe- 
maties, unless he himself is without a knowledge of the subject 
and its usefulness. If then the very existence of our social 
fabric is dependent to such a great extent upon mathematies, 
can one be termed cultured if he has no knowledge of mathe- 
maties and its uses to society? Yet, I find even teachers of our 
subject who could give a dozen instances of its relationship to, 
present day society only with great diffieulty,if at all. For them 
mathematies has failed to have one of the most vital phases of 
the cultural value and we ean seareely conceive of their pupils 
receiving from them that which they themselves do not have. 


Some of the educators have defined the socializing value of a 
subject as the value derived from a subject if it gives us the 
right attitude toward the work of other people or of social 
agencies. Thus if the study of hygienic and health conditions 
brings an individual to co-operate with the health officers even 
though it means hardships through quarantine for himself, he 


1Teachers College Record, May, 1917. 
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has derived a socializing value from the study. Certainly, from 
our view-point this is also a cultural value; for the man with the 
right attitude towards various social agencies is generally use- 
ful toa far greater extent than the one without such an atti- 
tude. Now it is certainly true that much of the results of the 
labor of the specialist even in pure mathematics has been turned 
to practical use and has brought good to society generally. 
However, frequently these specialists have not been properly 
encouraged because the masses of people have not had the right 
attitude towards them. If an able boy in your school should 
announce his intention of specializing in mathematics many of 
his teachers would discourage him, but if he should announce 
his desire to become a physician his decision would meet with 
general approval. Why this difference? Largely because the 
masses either do not know mathematies or they do not know 
its value to society. The value of a physiean’s work is known 
to all, but the works of the mathematician are hidden in electric 
currents, the steam engine, great bridges and other structures, 
all of which we accept without thinking of the men who made 
them possible. An important function of our instruction is 
to bring the individual to assume the right attitude towards 
the specialist upon whose work our social life depends. 


For at least a small group mathematies is enjoyable. <A friend 
tells me that often when he has a leisure hour he finds himself 
with paper and pencil working on some problem just for the 
pleasure which he derives from it. Every good teacher has 
found among her pupils, those who saw a beauty in mathemat- 
ical forms and relations. We must remember that all pupils 
are individuals and as such are different. Each has his right to 
his own peculiar form of enjoyment. If a child should enjoy 
musie we would never question his right to give his leisure 
hours to it and we would consider him all the more cultured. 
No one has the right to deny him the privilege of developing 
his musical ability. In like manner, we contend that the boy 
who enjoys mathematies for the sake of mathematies has an 
equal right to develop along his peculiar line. 


Finally the man who has his mental power fully developed is 
generally more useful than the man who does not. The ques- 
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tion of discipline has been discussed so frequently that we can 
seareely approach it with seriousness. However, Dr. E. L. 
Thorndike has given what seems to me to be a very sane state- 
ment of facts concerning this question. He says that we should 
not justify the place of any subject in the curriculum on the 
basis of formal discipline but having justified the subject on 
some other basis we should get all the discipline from it that 
is possible. If we believe that the special phase of the disciplin- 
ary value derived from the study of mathematics is to the 
development of the reasoning power, then I believe we will get 
more of the disciplinary value if we teach mathematies in its 
application to real life affairs in so far as high school pupils 
are concerned. One cannot reason in a field in which he has no 
experience. As much of our mathematics is now taught, it is 
an abstract field foreign to the child’s experience. The result 
too often is a training in a peculiar form of memory work rather 
than in reasoning. Real life situations with which children are 
familiar will give plently of opportunity for the development 
of mathematics. The reasoning power will be better developed 


because it has been exercised and the mathematies will be no less 
valuable. 








THE TEACHING OF ALGEBRA 
By HAROLD F. RICHARDS 
University of Cincinnati 

I feel that teachers of algebra and authors of textbooks may 
well consider whether their own methods are not partly responsi- 
ble for the condition which is now resulting in a wide-spread 
movement to erase algebra from the required curricula of sec- 
ondary schools. It is a splendid gesture to lament the modern 
fondness of excising the backbone from education—an operation 
performed by leaving optional those subjects which students find 
difficult to master—yet a more energetic policy may be recom- 
mended when many communities are permitting pupils to forego 
the opportunity of satisfying the requirements for a multitude 
of higher courses. Algebra affords a training which tends, 
perhaps more than any other high school study, to develop 
powers of logical thinking, and it should by all means be re- 
tained everywhere as a required subject. Hearty condemna- 
tion of state superintendents is not sufficient to effect this re- 
tention; teachers will be obliged to present algebra in such 
manner that students can grasp it and pass it. 

I have observed that by far the majority of students who fail 
to obtain passing grades in algebra are, nevertheless, fully able 
to master the fundamental operations that involve merely a 
mechanical application of formal rules, but fail because they 
cannot perform the reasoning requisite for the solution of state- 
ment problems. There is no scarcity of admirable texts which 
furnish full explanation of the method of solving formal prob- 
lems, such as determining the value of the unknown quantity 
in a given equation, but I have not been able to find a text that 
presents a general method of attacking those problems in which 
the student must obtain for himself the equation to be solved. 
Textbooks discuss the mechanical operations necessary for the 
solution of the equation to which a statement problem may lead, 
and then append, without preliminary explanation, a series of 
statement problems for the student to solve. A particular solu- 
tion of the first problem is usually presented in the space of 
one-quarter of a printed page, but the student is not given a 
general method of approach. Occasionally a suggestion is in- 
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cluded in the statement of an especially difficult problem, but 
this suggestion applies only to a limited number of similar prob- 
lems, and no general mode of attack has been presented. As a 
result, the student reads the statement of the problem over and 
over, without putting anything down on his paper, and en 
deavors to see through all of its ramifications before using an 
algebraic method to solve it. Such an approach amounts to 
nothing more nor less than solving the problem without taking 
advantage of the tremendous power of simple algebraic analysis, 
and success is attained by those students who possess sufficient 
native shrewdness to solve the problem without algebra, while 
the other students fail. Every instructor will reeall the testi 
mony of pupils who say that they can work a problem by arith- 
metic but not by algebra, and many teachers are satisfied to 
accept these solutions, which are obtained rather by insight 
than by a rigorous algebraic method. This attitude on the part 
of an instructor neither extends the student’s powers of analysis 
nor gives him a method by which he ean attack problems that 
are not solvable by natural ingenuity. 

Observation of the practice of many instruetors reveals that 
a common method of teaching students to solve statement prob 
lems is as follows: Numbers 2, 4, 6, and 11 are assigned. The 
pupils arrive at class the next morning Unanimous In announcing 
that Number 6 was too difficult for them. The instruetor reads 
the statement of Number 6 and begins to work it on the board. 
Frequently he is so oeceupied with the business of arriving at 
the correet solution that he is unable to enuneciate a general 
method which the students might have used; he obtains the an- 
swer first and then explains the problem. The pupils unite in 
agreeing that they understand that problem thoroughly ; but the 
next morning, much to their teacher’s annoyance, many of them 
are unable to solve a very similar problem. Obviously the in- 
struector cannot teach students how to solve statement problems 
unless he himself possesses a general method by which he can 
read once the statement of a new example and then pass rigor- 
ously through the steps of a method which he knows will lead 
him to the correct solution. 


My purpose in writing this article, however, is not so much 
to direct attention to this deplorable condition as to provide a 
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remedy. This remedy is a general method of solving statement 
problems. The experience which I have gained while tutoring 
boys from various high schools and private preparatory acade- 
mies, who attend summer camps to ‘‘make up’’ failures in alge- 
bra, has demonstrated that the general method deseribed below 
enables the pupil to attack a problem immediately after reading 
its statement. No time is spent by the student in pondering 
vaguely over the problem as a whole; he sets quickly to work 
and finds the answer. The method involves, as its primary prin- 
ciple, merely the truth that it is useful to think about one thing 
at a time, to form a definite conclusion expressed by a sentence 
containing a subjeet, a predicate, and a period, and then to 
pass on to the next fact. 

The objection may be raised that it is unwise to render the 
solution of statement problems too simple or too mechanical, 
since their purpose is to exercise the student’s originality. It 
must be remembered, however, that, if a student does not possess 
sufficient natural shrewdness, he will never aequire any by ob- 
serving his more clever mates or his teachers use their own. 
The method outlined below is designed to ineuleate the power 
of passing logically from one definite fact to another, so that the 
student will not befog his mind by thinking vaguely about many 
things at the same time without arriving at any definite con- 
clusions whatsoever. The trouble with the average student is, 
that he rarely knows when he has completed the expression of a 
quantity or a facet; that he fails to add the period and so close 
his thoughts on one phase of the problem in order to pass on to 
the next. He endeavors to consider all at onee the various facts 
included in the statement of a problem, and the condition of 
mind resulting from this effort may be likened to the confused 
picture obtained by superimposing several snapshots upon the 
same photographie film. The method described in the sueceed- 
ing paragraphs will enable the student to begin the solution of 
a statement problem even if he does not clearly understand all 
of its intricacies at first, and then to continue by definite steps, 
each of which has a beginning and an end, rather than by flights 
which leave him unbalanced in mid-air. If the pupil ean be 
induced to proceed in the solution by these definite steps, he not 
only will learn how to solve statement problems but will also ac- 
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quire a certain clarity and definiteness of judgment that will be 
of material benefit whether he becomes a salesman, a lawyer, 
a clerk, a teacher, a mechanical engineer, a housekeeper, or a 
writer of fiction. 

I recommend that instructors devote several periods to a thor- 
ough enunciation of the following method as soon as the pupils 
have learned how to solve simple equations in one variable, since 
later difficulties may be largely avoided if the students acquire 
an early mastery of this general method of solving statement 
problems. Emphasis should here be laid upon the fact that the 
student makes a greater advance in working one problem by a 
method applicable to many others than in solving several ex- 
amples by special artifices of his ingenuity. 


A GENERAL METHOD oF SOLVING STATEMENT PROBLEMS 
(Illustrated by instructions to the student for the solution of 
a typical problem involving one unknown quantity.) 


The distance from Cincinnati to Hamilton is 15 miles less 
than the distance from Cincinnati to Oxford; and from Cin- 
cinnati to Chillicothe, which is 100 miles, is 35 miles more than 
the sum of the distances to Oxford and Hamilton. Find the 
distance from Cincinnati to Oxford. 

After reading the statement of the problem, the student 
should immediately proceed to get all the facts written down in 
the shorthand of algebra, so that they may be manipulated and 
their relations seen. If a number of sticks be strewn at random 
in a pile, one cannot tell easily which is the shortest and which 
the longest; but, if the sticks are laid in an orderly row, side 
by side, their relative dimensions can be seen at a glance. So in 
algebra. The student cannot hope to solve this problem simply 
by reading the statement of it one or a dozen times; the solution 
comes after the problem has been re-written in algebraic nota- 
tion. When all of the facts are thus arranged in regular order, 
their relations can easily be seen, and the student can simply 
glance over his tabulation and pick out two different quantities 
which are equal. 

THE SOLUTION 


Step 1. Re-write the problem in full on your paper, exactly 
as stated in the textbook. The reason for doing this is that you 
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may wish to mark up the statement and do not care to deface 
the book. Here it is, simply copied: 

[The distance from Cincinnati to Hamilton is 15 miles less 
than the distance from Cincinnati to Oxford;] and from Cin- 
einnati to Chillicothe, | which is 100 miles,| is 35 miles more than 
the sum of the distances to Oxford and Hamilton. [Find the 
distance from Cincinnati to Oxford. ] 

Step 2. Decide just what is to be found; and, in giving this 
quantity a brief name, such as X, do not forget that XY always 
stands for a number, and not for cost, for amount, for silk, or 
for distance; XY may stand for number of dollars, for number of 
pounds, for number of yards, or for number of miles. Here the 
quantity to be found is definitely stated: it is the distance from 
Cincinnati to Oxford. Therefore: 

Let X = No. of miles from Cincinnati to Oxford. 
All of the words in the last sentence of the statement have now 





been used; mark them off with brackets or by ruling a line 
through them. 

Step 3. Now read through the statement of the problem, not- 
ing down in algebraic shorthand every single complete fact as 
rapidly as you come to it. Break up the original statement into 
as many definite facts as possible. Starting at the beginning, 
we find mention of the distance from Cincinnati to Hamilton; 
the first idea that comes to mind is to obtain a brief expression 
to stand for this distance. We read the next few words and 
find this distance given in terms of the distance from Cincinnati 
to Oxford, which we have already ealled X. The distance in 
question is stated to be 15 miles less than X; and ‘‘less’’ al- 
ways means ‘‘minus’’ and never anything else. Therefore we 
write: 

Then X¥ — 15 = No. of miles from Cin. to Ham. 

If we now mark off the words just used, we have left: ‘‘ From 
Cincinnati to Chillicothe, which is 100 miles, is 35 miles more 
than the sum of the distances to Oxford and Hamilton.’’ Sev- 
eral facts are here indicated; let us express them as quickly as 
possible. The first definite and complete fact is that the dis- 
tance from Cincinnati to Chillicothe is 100 miles. 

100 = No. miles from Cin. to Chill. 


NOTE: The brackets have been inserted later, in the course of the 
solution, 
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Cross out the words, ‘‘which is 100 miles,’’ and on to the 
succeeding fact. The next quantity that can be set down im- 
mediately is the sum of the distances to Oxford and Hamilton. 
Simply glance at the tabulation and add together the expressions 
for these distances; if XY is the number of miles from Cincinnati 
to Oxford, and (Y — 15) is the number of miles from Cincinnati 
to Hamilton, then 

X + (¥ — 15) = No. miles in sum of dist. to Ox. and Ham. 

The next quantity mentioned, capable of immediate expres- 
sion, is ‘£35 miles more than the sum of the distances to Oxford 
and Hamilton.’’ We have already expressed the sum of those 
distances; and ‘‘more’’ always means ‘‘plus*’’ and never any- 
thing else. Therefore: 

X + (¥ — 15) + 35 = 35 more than no. miles in sum dist. to 
Ox. and Ham. 

Re-reading the few words not marked out so far, we see that 
the quantity just written is also the distance from Cineinnati 
to Chillicothe. Indicate this fact. 

X + (¥ — 15) + 35 = No. miles from Cin. to Chill. 

Every word has now been used and marked off. Therefore 
there is no longer any need of reading the problem as originally 
stated; the solution will fall immediately from the facts as tabu- 
lated above. These facts are collected below as they now appear 
on the student’s paper; in this text they are separated by the 
explanatory words which have been inserted to show the simple 
reasoning that the student is performing. 

X = No. miles Cin. to Ox. 
X — 15 = No. miles Cin. to Ham. 
100 — No. miles Cin. to Chill. 
X + (¥ —15) = No. miles in sum of dist. to Ox. & Ham. 
X + (¥ —15) + 35 = 35 more than no. miles in sum dist. to 
Ox. & Ham. 
XY + (¥ — 15) + 35 = No. miles Cin. to Chill. 

Now glance over the right-hand members of the statements 
tabulated above, and find two lines which are identieal. It is 
observed at onee that the number of miles from Cineinnati to 
Chillicothe is 100 and is also X + (X —15) + 35; therefore 
these two quantities must be equal to each other, since things 
equal to the same thing are equal to each other. We thus have 


a simple equation at once: 


x +. (X¥— 15) + 35 = 100 
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The problem is nearly solved now, for all of the reasoning has 
been performed and nothing remains but the mechanieal work- 
ing out of this equation by applying rules that ean easily be 
remembered by an student who can remember that twice four 
is eight. Applying these rules, we find that 

A SU 

If 2 cows cost $80. one eow costs $80 divided by ” which is 
$40; 1f 2X equal 80, one VY equals 80 divided by 2, which is 40. 
Hence: 

X 0) 

Thus the distance from Cineimnati to Oxford is 40 miles. In 
order to prove that this answer is correct, we return to the 
original statement of the problem. The distanee to Hamilton is 
15 miles less than 40 miles, or 25 miles, and the sum of these two 
distances is 65 miles. The distanee to Chillicothe, or 100 miles, 
is dO more than 65; hence the answer satisfies the problem as 


stated and we conelude that no mistake has been made. 


The teacher will find no diffieulty in applying this method to 
the solution of statement problems involving two or three vari- 
ables or leading to quadratie equations. The foregoing explana- 
tion shows that the method is perfeetly general and applicable 
to any of the statement problems found in standard texts. The 
solution of a determinate problem falls out at onee when all 
of the faets are briefly tabulated, for the student will always 
find two different expressions for one of the quantities. Fur- 
thermore, this method immediately detects any ‘‘trick’’ prob- 
lems; I have found teachers who have been unable to show that 
a problem of such nature was indeterminate. The student has 
here a definite, general method of attack, which enables him 
to avoid the mental confusion and waste of time that usually 
result from fruitlessly pondering over the problem as a whole; 
he is able to set immediately to work and advance steadily to- 
wards the correct solution. He no longer looks upon algebra as 
a collection of peculiar puzzles, but is induced by the inevitable 
success attained with this method to regard mathematies as a 


useful tool. 








CONCERNING THE INTERCOMMUNION OF MATHE- 
MATICS AND ASTRONOMY 


By AGNES G. ROWLANDS 


Plato in his Republie said, ‘‘Now when all these studies 
(Arithmetic, Geometry and Astronomy) reach the point of in- 
tercommunion and connection with one another, and come to 
be considered in their mutual affinities, then I think, but not 
till then, will the pursuit of them have a value for our objeets.’’ 

Secondary school mathematies teachers have perhaps not 
always realized the powerful ally they have in astronomy in 
helping their students to appreciate the underlying meaning and 
significance of their mathematies, without which the students 
cannot possibly get all the cultural and spiritual values from 
their work. With great joy, I have watched the reaction, again 
and again, of mathematies classes when I have told them, for 
example, about the discovery of the planet Neptune through the 
mere computation of two mathematicians. In 1781 Sir William 
Herschel discovered the plan Uranus, the first one to be dis- 
covered with the telescope. The planet was observed for a suf- 
ficient length of time to enable astronomers to plot its theoretical 
path. In presenting this fact, students derive real pleasure 
in realizing that their work in graphs and plotting equations 
enables them to understand how observations of the planet’s 
changing positions through a limited part of her period of revo- 
lution around the sun gives enough ‘‘values’’ to make possible 
the plotting of the planet’s orbit. But Uranus strayed from 
her theoretical path thus mathematically mapped out, by 2” 
of are. One might think that such a slight discrepancy between 
theory and practice as 2” of are, was not worth minding. But 
this ‘‘intolerable’’ discrepancy, and the Mathematical necessity 
for explaining it, led to the discovery of a new planet. Evi- 
dently Uranus departed from her path because some undis- 
covered planet was ‘‘pulling’’ her from her path. To find this 
planet it was useless to search the sky at random with a tele- 
scope, because of the great number of fixed stars. The posi- 
tion of this undiscovered planet must first be determined. This 
could only be done by mathematics. Two mathematicians, 
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Adams in England, and Leverrier in Franee, set to work to solve 

the problem. They knew the position of Uranus. They knew 

how much she was pulled out of her theoretical path, and they 

knew the law of attraction. Here even ninth grade pupils 

working with formulas, early have felt a great satisfaction in 

realizing that their little work in formulas enabled them to 
1 


follow a discussion using the formula G= , where G 





a? 
stood for attraction, M and M* the masses of two mutually at- 
tracting bodies, and d the distance between the attracting bodies. 
Mathematicians calculated that if a planet of a certain size, 
traveling in a certain orbit, at a certain speed, existed, it would 
explain the behavior of Uranus. They also ealeulated that if 
this planet existed, it would be visible at a certain time in a 
certain part of the sky. Of course, the actual calculation was 
exceedingly difficult. Adams completed his calculations even 
earlier than Leverrier, but the English did not have, as the 
Germans did, a recently made accurate map of the stars in the 
suspected part of the sky. Leverrier sent his calculations to a 
German astronomer named Galle, writing in substance: 

‘*Direet your telescope to a point on the ecliptic in the con- 
stellation of Aquarius, in longitude 326°, and you will find 
within a degree of that place a new planet, looking like a star of 
the ninth magnitude, and having a perceptible disce.’’ 

The planet was found in Berlin September 23, 1846, in exact 
accordance with this prediction, within half an hour after the 
astronomers began looking for it, and within 52’ of the pre- 
cise point that Leverrier had indicated. Ponder the significance 
of the diseovery—a mathematician in his study backed by his 
knowledge of and faith in the mathematical laws in obedience to 
which he had reason to believe heavenly bodies moved, able to 
direet astronomers where to find a hitherto undiscovered body 
2,800,000,000 miles from the earth. And what is more, later 
observations showed the mathematician’s calculation of the 
planet’s mass to be correct. Of the reasons for the discrepancy 
between the calculations of the planet’s distance and its ob- 
served distance, we shall speak presently in connection with 
Bode’s law. 
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Bode’s law gives pupils in mathematies a sense of appreciation 
of the ‘‘Mathematical Character”’’ of the universe, hardly less 
striking than the Mathematician’s discovery of the planet Nep- 


tune. Write a series of 4’s, under the names of the planets. 


Venus Mercury Earth Mars Jupiter Saturn Uranus Neptune 
} 4 4 4 4 } t | } 
3 6 12 24 $s 96 192 384 
4 1.00 1.6 2.8 £8 10.0 19.6 38.8 


Under the second 4 write 3, the next one 6, 12, and so on in 
geometric progression. Divide the sum by ten. The quotient 
gives the approximate distance of the planets from the sun in 
astronomical units (an astronomical until being 93,000,000 
miles). Thus, aceording to this law the earth is one astronomi- 
cal unit from the sun, Mereury is .7 of an astronomical unit or 
6,510,000 miles. Observation gives approximately this distance 
for Mercury. But it was found that Jupiter was at a distance 
not of 2.8 astronomical units, but of 4.8 astronomical units, 
Saturn of 10.0 astronomical units. What did astronomers and 
mathematicians conclude—why, that at the distance of 2.8 
astronomical units, there must be a hitherto unknown planet. 
An association was formed to search for the missing planet. 
Four very small planets were found at the approximate distance 
called for by Bode’s law. Sinee then many other small planets 
or asteroids have been discovered in this region of the sky 
more than nine hundred now being known. The fact that Bode’s 
law breaks down with Neptune, as well as some other faets in 
regard to the planet, has led astronomers and mathematicians to 
believe there must be another planet out beyond Neptune, and 
they are working in the hope of discovering this planet. 

I have already referred to the satisfaction derived by the 
students from the study of graphs in the light which this study 
throws on gaining knowledge in regard to Uranus. The study 
of graphs is perhaps one of the easiest ones we have to make 
vital and real to the student, except when we come to the graph- 
ing of equations, especially equations of degree higher than the 
first. Here astronomy should be utilized. Compare graphs of 


type forms of equations with the orbits of heavenly bodies. 
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Show orbits of comets formerly thought to travel in hyperbolic 
or parabolic parts. These curves will have a new meaning 
when the students realize that an understanding of them en- 
ables them to appreciate why some comets have never been seen 
but onee, and others, like Halley’s comet, return at regular 
intervals. Have the pupils find out about the recent discoveries 
of astronomers and mathematicians showing that all coniets 
really travel in elliptical orbits, and so are members of our 
solar system, but in many cases the ellipses are so elongated, 
that paths of these comets were for a long time thought to be 
parabolas or hyperbolas. And that was why comets were er- 
roneously thought to come from out beyond our solar system. 
There are of course, many more illustrations which I might 
give, such as the determination of the velocity of light thru 
mathematical calculations in connection with the eclipsing of 
Jupiter’s satellites. But enough has been said to illustrate the 
way in which astronomy ought to be regularly the ally of math- 
ematies, in getting a true comprehension of the full significance 
of our subject. Do you think a elass would forget that an ex- 
terior angle of a triangle was equal to the sum of the two 
remote interior angles, if shown how knowledge of this relation- 
ship made it possible for Erastosthenes (27 5-194 B. C.) to eom- 
pute the circumference of the earth with a fairly close approxi- 
mation to the true value? But after all, the real purpose of 
showing the ‘‘intereommunion’”” of the mathematies and as- 
tronomy is not merely a practical one of ‘‘driving home’’ the 
Mathematies itself. Its real purpose is helping the pupils to get 
the cultural and spiritual values from the mathematies work. 
This is only possible with an appreciation of the significance of 
mathematies, and a realization of its ‘‘ world relationships,’’ so 
that the student sees that a mathematical formula may be a way 
of expressing an ‘‘eternal verity’’ at the heart of the universe; 
or, as Maria Mitchell, one of the greatest of women astronomers 
put it, ‘‘a Mathematical formula is the hymn of the universe.’’ 








THE ART OF QUESTIONING! 
CLARENCE G. GOULD 
Hartford High School, Hartford, Conn. 

In the study of the history of educational systems from the 
earliest times to the present, it is evident that the question has 
always been a factor in teaching. Teaching in Grecian and 
Roman times produced, by means of the question, thinkers and 
philosophers. In the middle ages, the question played an im- 
portant part in the teaching whieh was mostly to the individual 
and not to groups. 

In our own country, the secondary schools are in their third 
stage of development. We first had the grammar schools, then 
the academies, and then the pub!”_ high school. In each of these 
the teaching has been done to groups and not to individuals. At 
present the school population in most towns has so outgrown the 
school facilities that the groups reporting to teachers are much 
too large. So it remains for the teacher to use such devices or 
means as he ean, for the betterment of the groups before him. 

One of the factors is questioning. Questioning is of two 
kinds: (1) to test whether pupils have prepared or mastered 
certain material, and (2) to stimulate and guide their think- 
ing along new lines. The teacher needs as much skill in one 
kind of questioning as in the other. To do either skillfully he 
must understand the types of learning. Parker gives for prac- 
tical purposes the following types of learning. 

1. Aequiring motor skill, as in gymnastie and shop activities, 
in daneing, in musical technique, and in the pronunciation of a 
foreign language. 

2. Associating symbols and meanings, as in learning vocabu- 
laries, the teacher using objects, charts, ete. 

3. Aequiring habits of enjoyment, as training in the enjoy- 
ment of sports and games, music, literature, drama, and art. 

4. Acquiring skill in expression, both oral and written. 

5. Aequiring skill in reflective thinking. 

Reflective thinking is one of the most important things in 
mathematies. In the form of problem-solving, and the working 
of examples, reflective thinking plays a large part. 


1 Delivered at the mid-winter of the Association of Teachers of Mathe- 
matics in New England. 
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The teacher may direet and assist the pupils in their thinking 
by teaching them to define their problems and keep them in 
mind. Some pupils will fail to see any problem at all. They 
‘sit tight’? mentally and are not disturbed. 

Others realize that something must be done but do not know 
what. They assume a worried look, wring their hands, and then 
perhaps do something impulsive. 

A third type sees the question at onee, and immediately pro- 
ceeds to get to the bottom of it. 

When the problem is onee defined the pupil must then be 
taught to keep it in mind. 

One of the chief attributes of a skillful presiding officer of an 
assembly is his ability to keep the discussion to the problem be- 
fore the house. Again, let me repeat, the teacher may help the 
pupils in their thinking by teaching them to define their prob- 
lems and keep them in mind. 

The teacher may also direct and assist the pupils in their 
thinking by teaching them to formulate hypotheses and to re 
eall prineiples. Thorndike says, ‘‘the wise course is not to 
eliminate altogether the independent search by pupils for the 
proper class, but to make it easier and briefer by directing it. 
It is made easier by systematizing the process of search, by lim- 
iting the number of classes among which the pupil must search, 
by informing him of classes which inelude the right one and 
which he would neglect if undirected, and by ealling his atten- 
tion to the consequences of membership in a certain class.’’ 

The teacher may also direct and assist the pupils by teach- 
ing them to organize their thinking. The pupil ean be taught 
to take stock of their inquiry from time to time and to keep their 
results carefully tabulated. If the thinking is done by a class, 
it is well to develope an outline on the blackboard. 

In doing these things the teacher at the same time gives the 
pupils opportunities to reason independently, and to participate 
in group reasoning, and to follow and supplement the teacher’s 
reasoning. 

With these high ideals in mind, the teacher, conducting a reci- 
tation, finds himself in a complicated situation. He never knows 
just what move to expect. He must be ever alert to devise ap- 
propriate questions and to adapt himself to circumstances. 
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Among the chief elements of successful questioning are clear 
and rapid thinking. To think clearly one must be thoroughly 
acquainted with his subject. He must be able to make clear-cut 
distinetions, comparisons, and classifications. Rapidity is as 
necessary as clearness. Slow, clear thinkers would probably 
prepare excellent written questions, but might fail utterly in 
oral questioning. 


Successful questioning also involves a sense of relative val- 
ues. A teacher should be able to determine quickly just what 
use to make of each response to a question, whether it should be 
followed up or passed over. Here again a good knowledge of 
the subject is a necessity. 


A third important factor is skill in wording questions. Skill 
in expression is as important as the clear and rapid thinking 
or the sense of relative values. A good lecturer might be a 
poor questioner. The questions should be so clear and simple 
that there will be no doubt in the pupils’ mind as to the mean- 
ing. Otherwise there may not be the desired coneentration of 
thought upon the answer. As a rule, a question should be as 
concise and definite as the answer it solicits. The question should 
be the outgrowth of the teacher’s knowledge. The teacher should 
be so full of his subject that the flow of questions will be rapid 
and logieal. 


Every question should have a definite purpose. In mathe- 
maties it should not be necessary for the teacher to depend upon 
prepared questions. It would be well to plan a general scheme 
for the day’s recitation, but not to actually prepare the ques- 
tions as might be done in teaching History, or some other sub 
jects. 


In Geometry, for example, a series of questions would lead 
to a definite end. Questions could be asked coneerning the an- 
alysis of the theorem, the construction of the figure, the reason 


for the equality of triangles, the purpose of proving the equality 
of triangles, and the conelusion. These questions could well be 
followed by questions on similar truths, such as are usually 
found in the corollaries or exercises immediately following a 
theorem. 
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In Algebra, the questions are usually independent of each 
other. They are short, and lend themselves to rapid drill. For 
example, in the work on exponents one ean easily have rapid 
drill in squaring binomials in which the terms have negative, 
fractional, or literal exponents. Questions in factoring, multi 
plication, division, raising to powers, extracting roots, sympli 
fving surds, and such subjeets make good material for oral drill. 

As a general rule it is well to avoid all ‘‘ves”’ and ‘‘no’’ ques 
tions, or questions which do not stimulate thought. Any ques 
tion which suggests the answer is worthless. Whatever the pu 
pil’s ignoranee, he is more than likely to answer these worthless 
questions correctly. The teacher’s manner of asking the ques 
tion, and the hints of fellow pupils make guessing very easy. 
The pupil is deceived in that he thinks he knows something 
when he does not. He is also probably fostering bad habits of 
study. 

In order to avoid inattention, it is well not to repeat questions. 
If the question is short, pithy, and well worded there will be 
no need for repetition. It sometimes happens that after a 
question has been asked that even the best pupils may look puz 
zled. If so, the question was probably poorly worded. The 
teacher should then reward his question without having asked 
for a response. 

Practically all of our questioning is to the group. So our 
questions should be addressed to the group and not to the in- 
dividual. In no ease should a pupil be called upon to stand 
and then the question asked. Under such eonditions the rest of 
the class might become dreamers. The correet method would 
be to first ask the question, then give a brief time for thinking, 
and finally call upon some pupil for the response. 

While the pupils of the group may be arranged alphabetically 
in their seats, or in some other regular order, they should not 
be called upon in order. Try to find some devise for securing a 
fair distribution of questions. Some teachers put the pupils 
names on eards and shuffle these before each recitation. Almost 
any method will do as long as there is a method. 

The lack of method would be a real detriment to a class and 
to the individual. In an investigation in one of the western 
high schools, it was found that in a Mathematies class of 21 
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pupils, one student was called on twice and another eleven times 
in nine days. In another class of thirteen pupils, one pupil was 
questioned four times and another eighteen times. In a Geom- 
etry class the range was from six to twenty three recitations in 
ten days. It is probable that some irregularities cannot be 
avoided, but as far as passible we should try and not have such 
great differences. 

Time should not be wasted in assisting the poor pupil too 
much or in pursuing the talkative brilliant pupil. If a pupil is 
very weak, he should be helped during a period of supervised 
study or during the teacher’s office hours, but in no ease should 
the time for drill be wasted. 

While I have had no experience with ‘‘flash-eards,’’ I am told 
that they are a great help in rapid oral drill on many of the 
processes in Algebra. 

In closing, let me quote Prof. Harris, ‘‘So in the matter of 
questioning, one could accomplish much for instruction in a very 
short time if he did nothing more than to insist upon introdue- 
ing into the plan of every lesson a short series of related ques- 
tions calling for reflection. The results that might reasonably 
be expected are these, Where six or eight purposeful questions 
are asked and satisfactorily answered, the number of questions 
will be reduced, the pace will become more normal, pupils will 
be forced to tie up their facts in profitable relations, the several 
questions will serve as high lights in the lesson, pupils will 
have practice in the habit of studying a lesson for the salient 
points, and they will eventually grow into the habit of organ- 
izing subject matter for themselves. With such attainments as 
these we should have some positive factors to deal with in meas- 
uring the efficiency of instruction.’’ 
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NEW BOOKS 


Farm Projects. By Carl Colvin and John A, Stevenson. Mae- 
millan and Company, 1922, New York. Pp. 363. 

An Introduction to the Graphic Language. By Gardner C. 
Anthony. D. C. Heath and Company, New York and Chieago. 
Pp. 158. 

Mathematics for Technical and Vocational Schools. By Sam- 
uel Slade and Louis Margolis. Edited by Joseph M. Jameson. 
John Wiley and Sons. New York. Pp. 491. 


Industrial Physics: Mechanics. By L. Raymond Smith. Me- 
Graw Hill Book Company, New York. Pp. 226. 

General Mathematics, Book Two; by William David Reeve. 
Ginn & Co. $1.60. 

This book is intended to follow Book One of the same title by 
Schorling and Reeve. The preface says that the work has been 
thoroughly and successfully tested as work for the tenth grade. 

The geometry included covers the plane geometry require- 
ment for college, with profuse and interesting exercises and ap- 
plications, well classified. Serious effort is made to teach meth- 
ods of attack on a new theorem, and to guard against the com- 
mon lapses of logic. Some ‘‘optieal illusions and geometric fal- 
lacies’’ are given to help in this general direction. There is a 
small fragment of solid geometry, including the traditional 
proof for the perpendicular to two straight lines at their inter- 
section, and some exercises of construction not in one plane. 

The sections devoted to trigonometry include the solution of 
right and oblique triangles, a three-place table of natural sines, 
cosines, and tangents being used for all computations. Formulas 
are established for radii of circumscribed and inscribed cireles. 

Under Algebra are given fractions and the sacred ‘‘theorems 
of proportion.’’ The author seems a little timid about diseard- 
ing the cumbrous algebra of the so-called ‘‘geometrie proof.’’ 
Elimination in linear-quadratie pairs, and in certain convenient 
quadratic pairs, is treated in connection with the conic sections, 
which are defined as loci in the usual fashion. 

Arithmetic, the preface claims, is kept before the pupil by 


means of reviews and applications. Wise caution is given, pp. 
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319-320 (late in the game!), on approximate calculation; but 
the author systematically negleets his own maxims, obtaining 
results to four or five figures were his data are of two or three 
places. 

Comment is plentiful, and very instructive, detailed, and in- 
teresting. This is especially true in connection with similarity 
and seale drawings. Portraits, of the usual irrelevance and stu- 
pidity, appear at discreetly separated pages. 

On the whole, the book is extreely suggestive. In the hands 
of a watchful teacher, it would be a text-book of very great 
value; and for any teacher it would be a book of reference full 
of material for new departures in teaching. It should certainly 
be in the hands of every teacher of geometry. 

Such books as this, that open new lines of work in teaching, 
are peculiarly subject to errors, and sometimes to disconcerting 
inaccuracies, which the humdrum, old-fashioned book will auto- 
matically avoid. These things result from inadvertence, the 
author’s mind being preoeeupied with the development of his 
newer ideas of teaching. 

The index here is not entirely adequate. The many changes 
from the customary alignment of topies make a detailed index 


even more necessary than ever. 


GrorRGE W. Evans, 


Charleston High School, Boston. 








NEWS NOTES 
THe Fourth ANNUAL MEETING OF THE NATIONAL COUNCIL OF 
TEACHERS OF MATHEMATICS 

President John H. Minnick, and the Executive Committee 
have arranged to hold the fourth annual meeting of the Council 
in Cleveland, Ohio, February 28, 1923. 

The program consists of : 

Business Meeting, 10:30 A. M., Leeture Room, Hotel Olmsted. 

Evrecutive Committee Meeting, 12:00 M. Luneheon, Hotel 
Olmsted. 


AFTERNOON PROGRAM, Hote. Oumsrep, 2:00 P. M. 
Demonstrative Geometry as a Subject for Training. D. W. 
Werremeyer, West Technical High School. 
Mathematics of the Junior High School. Miss Amy Preston, 
Roosevelt Junior High School, Columbus. 
Results Obtained from the Roger’s Test of Mathematical 


Ability. Dr. Agnes Rogers, Goucher College. Baltimore. 


Banquet 6:30 P. M. Horen Winton 
President Robert J. Aley, Butler College, presiding. 

Organization of the Mathematics of the Seventh, Eighth and 
Ninth Grades According to Pedagogical Units. FE. R. Breslich, 
School of Edueation, University of Chicago. 

Teaching the Algebraic Language to Junior High School 
Pupils. J. R. Overman, Ohio State Normal, Bowling Green. 

The cost of the Banquet is $1.65 per cover. Reservations 
should be sent to Mr. D. W. Werremeyer, West Teehnieal High 
School, Cleveland, Ohio. 

Ail persons who are interested in the teaching of secondary 
mathematies are invited to attend the meetings. A large at- 


tendanece is anticipated. 


The seventh annual meeting of the Mathematical Association 
of America was held at Harvard University, Cambridge, Mass., 
on Thursday and Friday, December 28 and 29, 1922, in affili- 
ation with the American Association for the Advancement of 
Seience and in connection with the annual meeting of the Ameri- 
can Mathematical Society. The program included: 
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WEDNESDAY AFTERNOON 


1. A Symposium on Space and Time. Professor G. D. Birk- 
hoff, P. W. Bridgman, and Harlow Shapley, of Harvard Uni- 
versity, spoke respectively on The Logic of Space and Time, 
The Physical Meaning of Space and Time, The Astronomical 
Measures of Space and Time. 


THurRsDAY AFTERNOON 


2. Reduction of Singularities of Plane Curves by Birational 


Transformation. Professor G. A. Bliss, University of Chicago, 
retiring president of the American Mathematical Society. 

3. The Grafting of the Theory of Limits on the Calculus of 
Leibniz. Professor Florian Cajori, University of California, 
representing the Mathematical Association of America. 

4. Geometry and Physics. Professor Oswald Veblen, Prince- 
ton University, retiring vice-president of Section A of the Ameri- 
ean Association for the Advancement of Science. 


FripaAy MorNING 


5. Annual business meeting and election of officers. 

6. Period of the Bifilar Pendulum for Finite Amplitudes. 
Professor H. 8. Uhler, Yale University. 

7. Skew Squares. Professor W. H. Echols, University of Vir- 
ginia. 

8. On the Averaging of Grades. Professor C. F. Gummer, 
Queen’s University. 

9. Mathematics at Oxford and the Ph. D. Degree. Professor 
W. R. Burwell, Brown University. 

10. Some Unsolved Problems in the Theory of Sampling. Pro- 
fessor B. H. Camp, Wesleyan University. 

11. Some Unsolved Problems in Solid Geometry. Professor J. 
L. Coolidge, Harvard University. 


Fripay AFTERNOON 


12. The Subject Matter of a Course in Mathematical Statistics. 
H. L. Rietz, Head of the Department of Mathematies at the State 
University of Iowa, and chairman of the National Research 
Council’s Committee on the Mathematical Analysis of Statisties. 
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13. Time Series of Economic Statistics: Their Fluctuation 
and Correlation. Warren M. Persons, Professor of Economies 
at Harvard University, and Editor of the Review of Economic 
Statistics published by the Harvard Committee on Economie 
Research. 

14. Some Fundamental Concepts of the Calculus of Mass Vari- 
ation and Their Relations to Practical Problems. Arne Fisher, 
author of The Mathematical Theory of Probabilities and its Ap- 
plication to Frequency Curves and Statistical Methods. 





